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Abstract
We compute logarithmic corrections to the entropy of supersymmetric extremal black holes
in N = 4 and N = 8 supersymmetric string theories and find results in perfect agreement with
the microscopic results. In particular these logarithmic corrections vanish for quarter BPS
black holes in N = 4 supersymmetric theories, but has a finite coefficient for 1/8 BPS black
holes in theN = 8 supersymmetric theory. On the macroscopic side these computations require
evaluating the one loop determinant of massless fields around the near horizon geometry, and
include, in particular, contributions from dynamical four dimensional gravitons propagating in
the loop. Thus our analysis provides a test of one loop quantum gravity corrections to the black
hole entropy, or equivalently of the AdS2/CFT1 correspondence. We also extend our analysis
to N = 2 supersymmetric STU model and make a prediction for the logarithmic correction to
the black hole entropy in that theory.
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1 Introduction
Wald’s formula gives a generalization of the Bekenstein-Hawking entropy in a classical theory
of gravity with higher derivative terms, possibly coupled to other matter fields [1–4]. In the
extremal limit the near horizon geometry contains an AdS2 factor, and Wald’s formula leads
to a simple algebraic procedure for determining the near horizon field configurations and the
entropy [5, 6]. A proposal for computing quantum corrections to this formula was suggested
in [7]. In this formulation, called the quantum entropy function formalism, the degeneracy
associated with the black hole horizon is given by the string theory partition function ZAdS2 in
the near horizon geometry of the black hole. Such a partition function is divergent due to the
infinite volume of AdS2, but the rules of AdS2/CFT1 correspondence gives a precise procedure
for removing this divergence. While in the classical limit this prescription gives us back the
exponential of the Wald entropy, it can in principle be used to systematically calculate the
quantum corrections to the entropy of an extremal black hole.
Given this prescription one would like to test this by comparing with some microscopic
results. For N = 8 supersymmetric string theories obtained by compactifying type II string
2
theory on T 6 and a class of N = 4 supersymmetric string theories obtained by compactifying
type II string theory on K3 × T 2 and its various orbifolds, the exact formula for the micro-
scopic index is known [8–23]. Furthermore it has been argued in [24, 25] that for extremal
supersymmetric black holes preserving four supercharges the black hole entropy also gives the
index, and hence can be directly compared with the microscopic index. Thus these theories
provide us with an ideal ground for testing the macroscopic formula for the black hole entropy.
The microscopic formula for the index in these theories shows that in the limit in which all
the components of the charge are large, the logarithm of the index is given by [9, 13, 18]
Smicro = π
√
∆+O(1) for N = 4, (1.1)
and [26]
Smicro = π
√
∆− 2 ln∆ +O(1) for N = 8 , (1.2)
where in both theories ∆ is the unique quartic combination of the charges which is invari-
ant under all the continuous duality transformations. Using the equality between index and
degeneracy for a black hole, eqs.(1.1), (1.2) should be equal to the entropies of the correspond-
ing black holes. Now for a classical black hole solution carrying these charges, the radius of
curvature a of the near horizon AdS2 × S2 geometry is related to ∆ via
√
∆ = a2/GN , (1.3)
where GN is the four dimensional Newton’s constant. Thus the leading contribution π
√
∆ =
4πa2/4GN is the classical Bekenstein-Hawking entropy [27,28]. This leads to a natural question:
can we reproduce the logarithmic corrections from the macroscopic side?1
This question was partially analyzed in [46] where it was argued that such corrections,
if present, must arise from one loop quantum correction to ZAdS2 due to massless fields of
the supergravity theory. The stringy modes, massive Kaluza-Klein excitations along compact
directions and/or higher derivative corrections to the effective action play no role in this analysis
and can be safely ignored. Furthermore [46] computed the contribution to ZAdS2 due to the
massless matter multiplets in N = 4 supersymmetric string theories, and found that the net
contribution vanishes, in agreement with the fact that the result (1.1) is independent of the
number of matter multiplets in the theory. In this paper we complete the computation by
including the contribution from the gravity multiplet of N = 4 supersymmetric theories and
1Earlier approaches to computing logarithmic corrections to black hole entropy can be found in [29–45].
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also extend the analysis to N = 8 supersymmetric string theories. In both cases our results
are in perfect agreement with the microscopic results (1.1) and (1.2). Since the computation
on the macroscopic side involves one loop determinant of dynamical gravitons propagating
on AdS2 × S2, our results can be taken as a non-trivial confirmation of quantum gravity
contribution to the black hole entropy, or equivalently of AdS2/CFT1 correspondence [7] on
which the prescription for computing quantum corrections to the entropy is based.2
We would like to emphasize that the limit of charges we consider is different from the Cardy
limit which, in the present context, would amount to taking one of the charges representing
momentum along a compact direction to infinity keeping the other charges fixed. This was
studied in detail in [25]. The coefficient of the log∆ term in this limit can also be read
out from the general expression for the microscopic entropy, and is given by −2 for N = 8
supersymmetric string theory, and −(m + 2)/4 for N = 4 supersymmetric string theories, m
being the total number of matter multiplets in the theory. Thus for type IIB string theory on
K3× T 2 the coefficient will be −(22 + 2)/4 = −6.
Since our analysis will be somewhat technical we shall now give a brief description of our
analysis and the results. The one loop contribution to ZAdS2 arises from two sources. First,
the integration over each eigenmode of the kinetic operator carrying non-zero eigenvalue gives
a contribution to ZAdS2 through the determinant of the kinetic operator. The logarithm of this
determinant can be expressed as integral over the proper time parameter s, with the integrand
given by the trace of the heat kernel [50, 51] after removing the contribution due to the zero
modes. This typically will be proportional to the infinite volume of AdS2 × S2 and hence is
apparently infrared divergent. But we use the trick of [7, 52] to express the AdS2 volume as
c1β + c2 where c1 and c2 are finite constants and β is the (divergent) length of the boundary.
The coefficient of β can be absorbed into a redefinition of the ground state energy and the β
independent term gives the correction to the black hole entropy SBH . This leaves us with an
infrared finite contribution to the entropy. There is also ultraviolet divergence which comes
from the lower limit of integration of the parameter s. This is regulated by setting the lower
limit of s integration to be the string scale l2s . The resulting integration over s goes as ds/s in
the range l2s << s << a
2 where a is the radius of curvature of AdS2 and S
2. This gives a term
of order ln(a2/l2s) which can be reinterpreted as ln
√
∆ using (1.3).
2The analysis of [47–49] for partition function of (super-) gravity and higher spin theory in AdS3 also
includes the effect of graviton loops. However in 3 dimensions there are no dynamical degrees of freedom in
the graviton and hence only the boundary modes associated with asymptotic symmetries contribute to the
partition function.
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The theory non-zero mode contribution zero mode contribution total contribution
N = 4 1
4
(6 +m) ln∆ −1
4
(6 +m) ln∆ 0
N = 8 5 ln∆ −7 ln∆ −2 ln∆
STU model 2 ln∆ − ln∆ ln∆
Table 1: The logarithmic correction to the black hole entropy in N = 4 and N = 8 supersym-
metric string theories in four dimensions and the STU model. We have displayed separately
the contributions from the non-zero modes and the zero modes. m denotes the number of
matter multiplet fields in the N = 4 supergravity theory. The difference between the zero
mode contributions in the different theories arise solely due to the different number of gauge
fields they have, – the contributions from the graviton and gravitino zero modes cancel in all
the theories.
The other source of logarithmic corrections is the integration over the zero modes. These
zero modes represent eigenmodes of the kinetic operator with zero eigenvalues and arise due
to the asymptotic symmetries of the euclidean near horizon geometry. To find the result of
integration over these zero modes we first make a change of integration variable from the zero
modes to parameters labelling the supergroup of asymptotic symmetries. The supergroup
is parametrized in a way that its volume is manifestly independent of a, – the radius of
curvature of AdS2 and S
2. Thus the net a dependence of the zero mode integration arises from
the Jacobian associated with the change of variables from the field modes to the supergroup
parameters. The a dependence of the Jacobian can be calculated explicitly and leads to
additional corrections to the entropy proportional to ln a.3
For both N = 4 and N = 8 supergravity theories we find that the final results of the
macroscopic analysis, after adding up the contribution from the zero mode and the non-zero
mode integration, are in perfect agreement with the microscopic results (1.1) and (1.2). Even
for the N = 4 supersymmetric theory where the net contribution vanishes, the individual
contributions from the zero modes and the non-zero modes are non-trivial. This has been
illustrated in table 1 where we have displayed separately the contributions from the zero modes
3The left-over integration over the supergroup includes integration over both, fermionic and bosonic modes.
With the help of localization [53–56] it can be shown that the infinite contribution from integration over the
bosonic variables cancel the zero contribution due to integration over the fermionic modes, leaving behind a
finite result [54].
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and the non-zero modes.
Our analysis can also be extended to compute the logarithmic correction to the entropy of
half BPS black holes in N = 2 supersymmetric STU model [57, 58]. The low energy effective
action of this theory is a truncation of the N = 4 supergravity theory, and furthermore the
black hole of the N = 4 supergravity theory for which we carry out the analysis can be
embedded in this theory. Thus eigenmodes and the eigenvalues of the kinetic operator in
the near horizon geometry of the black hole solution in the STU model are a subset of the
corresponding eigenmodes and eigenvalues in the N = 4 supersymmetric string theory. As
a result the coefficient of the ln∆ term in the STU model can be found by examining the
contribution to the logarithmic correction to N = 4 black hole entropy from this subset. From
this we arrive at the following prediction for the asymptotic growth of black hole entropy in
the STU model:
π
√
∆+ ln∆ +O(1) . (1.4)
This logarithmic correction is in apparent violation of the proposal of [59] for the index of
half BPS states in the STU model, and more generally, with the one loop correction to OSV
integral [60] proposed in [61]. However (1.4) is consistent with the measure proposed in [62] if
we assume that this formula is valid for weak topological string coupling.
The rest of the paper is organized as follows. In §2 we review some results on the eigen-
functions and eigenvalues of the Laplacian operator in AdS2 × S2 acting on fields carrying
different spins. §3 we review the general procedure for computing the logarithmic correction
to the black hole entropy. §4 we describe the action, to quadratic order, of the fluctuations
of the gravity multiplet fields of N = 4 supergravity around the near horizon geometry of the
black hole. Most of the results in these sections were already discussed in [46]. §5, §6, §7, §8
and §9 contain the new results. In §5 we compute the contribution to the heat kernel (and
hence to the logarithmic correction to the entropy) due to the bosonic non-zero modes of the
gravity multiplet of the N = 4 supergravity theory. §6 contains the contribution from the
fermionic non-zero modes of the gravity multiplet of the N = 4 supergravity theory. In §7 we
augment the results by computing the contribution due to the integration over the zero modes,
and show that the net contribution to the coefficient of ln∆ vanishes. In §8 we include the
contribution due to the extra fields which are present in the N = 8 supergravity theory and
show that they give the result −2 ln∆. These results are in agreement with the microscopic
results (1.1) and (1.2). In §9 we compute logarithmic corrections to the black hole entropy in
the STU model leading to (1.4).
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We conclude this introduction by commenting on the method we use to compute the heat
kernel, and an alternative. We compute the heat kernel by explicitly constructing the eigen-
states and eigenvalues of the kinetic operator in the near horizon geometry, but we could
also compute the relevant terms by simply computing the one loop contribution to the trace
anomaly in the near horizon geometry [50, 51]. Indeed in the presence of background grav-
itational field the contribution to the heat kernel in supersymmetric theories was computed
in [63–66]. In order to apply it to the present problem we either need to repeat the analysis in
the presence of background gauge fields, or use supersymmetry to determine the possible struc-
ture of the one loop counterterms and hence the trace anomaly. Neither of this is completely
straightforward. Furthermore the trace anomaly method includes the contribution from the
zero modes as well which, as we have described, need to be analyzed separately. Thus even if
we use the trace anomaly methods for computing the heat kernel, we need to find separately
the zero modes of the kinetic operator, remove their contribution from the heat kernel and
then separately evaluate their contribution to the entropy. To whatever extent we have tested,
the two methods lead to the same result.
2 Eigenfunctions of Laplacians on AdS2 and S
2
In this section we shall review the results on eigenfunctions and eigenvalues of the Laplacian
operator  ≡ gµνDµDν on AdS2 and S2 for different tensor and spinor fields. These have been
studied extensively in [67–70], and also discussed in the context of near horizon geometry of
black holes in [46]. We consider the background AdS2 × S2 space with a metric of the form:
ds2 = a2(dη2 + sinh2 η dθ2) + a2(dψ2 + sin2 ψdφ2) . (2.1)
We shall denote by xm the coordinates (η, θ) on AdS2 and by x
α the coordinates (ψ, φ) on S2
and introduce the invariant antisymmetric tensors εαβ on S
2 and εmn on AdS2 respectively,
computed with the background metric (2.1):
εψφ = a
2 sinψ, εηθ = a
2 sinh η . (2.2)
All indices will be raised and lowered with the background metric gµν defined in (2.1).
We shall first review the construction of the eigenstates and eigenvalues of the Laplacian
acting on individual fields in AdS2 and S
2 separately. First consider the Laplacian acting
on the scalar fields. On S2 the normalized eigenfunctions of − are just the usual spherical
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harmonics Ylm(ψ, φ)/a with eigenvalues l(l+1)/a
2. On the other hand on AdS2 the δ-function
normalized eigenfunctions of − are given by [68]4
fλ,ℓ(η, θ) =
1√
2π a2
1
2|ℓ|(|ℓ|)!
∣∣∣∣∣Γ
(
iλ + 1
2
+ |ℓ|)
Γ(iλ)
∣∣∣∣∣ eiℓθ sinh|ℓ| η
F
(
iλ+
1
2
+ |ℓ|,−iλ+ 1
2
+ |ℓ|; |ℓ|+ 1;− sinh2 η
2
)
,
ℓ ∈ ZZ, 0 < λ <∞ , (2.3)
with eigenvalue
(
1
4
+ λ2
)
/a2. Here F denotes hypergeometric function.
The normalized basis of vector fields on S2 may be taken as
1√
κ
(k)
1
∂αUk,
1√
κ
(k)
1
εαβ∂
βUk, , (2.4)
where {Uk} denote normalized eigenfunctions of the scalar Laplacian with eigenvalue κ(k)1 . The
basis states given in (2.4) have eigenvalue of − equal to κ(k)1 − a−2. Note that for κ(k)1 = 0,
ı.e. for l = 0, Uk is a constant and ∂mUk vanishes. Hence these modes do not exist for l = 0.
Similarly a normalized basis of vector fields on AdS2 may be taken as
1√
κ
(k)
2
∂mWk,
1√
κ
(k)
2
εmn∂
nWk, , (2.5)
where Wk are the δ-function normalized eigenfunctions of the scalar Laplacian with eigenvalue
κ
(k)
2 . The basis states given in (2.5) has eigenvalues of − equal to κ(k)2 + a−2. There are also
additional square integrable modes of eigenvalue a−2, given by [68]
A = dΦ, Φ =
1√
2π|ℓ|
[
sinh η
1 + cosh η
]|ℓ|
eiℓθ, ℓ = ±1,±2,±3, · · · . (2.6)
These are not included in (2.5) since the Φ given in (2.6) is not normalizable. dΦ given in
(2.6) is self-dual or anti-self-dual depending on the sign of ℓ. Thus we do not get independent
eigenfunctions from ∗dΦ. However we can also work with a real basis in which we take dRe(Φ)
and dIm(Φ) ∝ ∗dRe(Φ) as the independent basis states for ℓ > 0.
4Although often we shall give the basis states in terms of complex functions, we can always work with a
real basis by choosing the real and imaginary parts of the function.
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A similar choice of basis can be made for a symmetric rank two tensor representing the
graviton fluctuation. For example on S2 we can choose a basis of these modes to be
1√
2
gαβUk,
1√
2(κ
(k)
1 − 2a−2)
[Dαξβ +Dβξα −Dγξγ gαβ] , (2.7)
where ξα denotes one of the two vectors given in (2.4). Note that for κ
(k)
1 = 2a
−2, ı.e. for l = 1,
the second set of states given in (2.7) vanishes since the corresponding ξα’s label the conformal
Killing vectors of the sphere.
On AdS2 the basis states for a symmetric rank two tensor may be chosen as
1√
2
gmnWk,
1√
2(κ
(k)
2 + 2a
−2)
[
Dmξ̂n +Dnξ̂m −Dpξ̂p gmn
]
, (2.8)
where ξ̂m denotes one of the two vectors given in (2.5), or the vector given in (2.6). Besides
these there is another set of square integrable modes of eigenvalue 2a−2 of −, given by [68]
hmndx
mdxn =
a√
π
[ |ℓ|(ℓ2 − 1)
2
]1/2
(sinh η)|ℓ|−2
(1 + cosh η)|ℓ|
eiℓθ (dη2 + 2 i sinh η dηdθ − sinh2 η dθ2)
ℓ ∈ ZZ, |ℓ| ≥ 2 . (2.9)
Locally these can be regarded as deformations generated by a diffeomorphism on AdS2, but
these diffeomorphisms themselves are not square integrable.
We can construct the basis states of various fields on AdS2 × S2 by taking the product of
the basis states on S2 and AdS2. For example for a scalar field the basis states will be given
by the product of Ylm(ψ, φ) with the states given in (2.3), and satisfy
 fλ,k(η, θ) Ylm(ψ, φ) = − 1
a2
{
l(l + 1) + λ2 +
1
4
}
fλ,k(η, θ) Ylm(ψ, φ) . (2.10)
For a vector field on AdS2 × S2 the basis states will contain two sets. One set will be given
by the product of Ylm(ψ, φ) and (2.5) or (2.6). The other set will contain the product of the
functions (2.3) on AdS2 and the vector fields (2.4) on S
2.
Finally we turn to the basis states for the fermion fields. Consider a Dirac spinor5 on
AdS2×S2. It decomposes into a product of a Dirac spinor on AdS2 and a Dirac spinor on S2.
We use the following conventions for the vierbeins and the gamma matrices
e0 = a sinh η dθ, e1 = a dη, e2 = a sinψ dφ, e3 = a dψ , (2.11)
5Even if the spinors satisfy Majorana/Weyl condition, we shall compute their heat kernel by first computing
the result for a Dirac spinor and then taking appropriate square roots.
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γ0 = −σ3 ⊗ τ2, γ1 = σ3 ⊗ τ1, γ2 = −σ2 ⊗ I2, γ3 = σ1 ⊗ I2 , (2.12)
where σi and τi are two dimensional Pauli matrices acting on different spaces and I2 is 2 × 2
identity matrix. In this convention the Dirac operator on AdS2 × S2 can be written as
6DAdS2×S2 = 6DS2 + σ3 6DAdS2 , (2.13)
where
6DS2 = a−1
[
−σ2 1
sinψ
∂φ + σ
1 ∂ψ +
1
2
σ1 cotψ
]
, (2.14)
and
6DAdS2 = a−1
[
−τ 2 1
sinh η
∂θ + τ
1 ∂η +
1
2
τ 1 coth η
]
. (2.15)
First let us analyze the eigenstates of 6DS2 . They are given by [71]
χ±l,m =
1√
4πa2
√
(l −m)!(l +m+ 1)!
l!
ei(m+
1
2)φ
(
i sinm+1 ψ
2
cosm ψ
2
P
(m+1,m)
l−m (cosψ)
± sinm ψ
2
cosm+1 ψ
2
P
(m,m+1)
l−m (cosψ)
)
,
η±l,m =
1√
4πa2
√
(l −m)!(l +m+ 1)!
l!
e−i(m+
1
2)φ
(
sinm ψ
2
cosm+1 ψ
2
P
(m,m+1)
l−m (cosψ)
±i sinm+1 ψ
2
cosm ψ
2
P
(m+1,m)
l−m (cosψ)
)
,
l, m ∈ ZZ, l ≥ 0, 0 ≤ m ≤ l , (2.16)
satisfying
6DS2χ±l,m = ±i a−1 (l + 1)χ±l,m , 6DS2η±l,m = ±i a−1 (l + 1) η±l,m . (2.17)
Here P α,βn (x) are the Jacobi Polynomials:
P (α,β)n (x) =
(−1)n
2n n!
(1− x)−α(1 + x)−β d
n
dxn
[
(1− x)α+n(1 + x)β+n] . (2.18)
χ±l,m and η
±
l,m provide an orthonormal set of basis functions, e.g.
a2
∫
S2
(
χ±l,m
)†
χ±l′,m′ sinψ dψ dφ = δll′δmm′ (2.19)
etc.
The eigenstates of 6DAdS2 are given by the analytic continuation of the eigenstates given in
(2.16) [71], making the replacement ψ → iη, l → −iλ− 1,
χ±k (λ) =
1√
4πa2
∣∣∣∣∣ Γ (1 + k + iλ)Γ(k + 1)Γ (1
2
+ iλ
)∣∣∣∣∣ ei(k+ 12)θ(
i λ
k+1
coshk η
2
sinhk+1 η
2
F
(
k + 1 + iλ, k + 1− iλ; k + 2;− sinh2 η
2
)
± coshk+1 η
2
sinhk η
2
F
(
k + 1 + iλ, k + 1− iλ; k + 1;− sinh2 η
2
) ) ,
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η±k (λ) =
1√
4πa2
∣∣∣∣∣ Γ (1 + k + iλ)Γ(k + 1)Γ (1
2
+ iλ
)∣∣∣∣∣ e−i(k+ 12)θ(
coshk+1 η
2
sinhk η
2
F
(
k + 1 + iλ, k + 1− iλ; k + 1;− sinh2 η
2
)
±i λ
k+1
coshk η
2
sinhk+1 η
2
F
(
k + 1 + iλ, k + 1− iλ; k + 2;− sinh2 η
2
)) ,
k ∈ ZZ, 0 ≤ k <∞, 0 < λ <∞ , (2.20)
satisfying
6DAdS2χ±k (λ) = ±i a−1 λχ±k (λ) , 6DAdS2η±k (λ) = ±i a−1 λ η±k (λ) . (2.21)
χ±k (λ) and η
±
k (λ) provide an orthonormal set of basis functions on AdS2, e.g.
a2
∫
sinh η dη dθ (χ±k (λ))
† χ±k′(λ
′) = δkk′δ(λ− λ′) , (2.22)
etc.
The basis of spinors on AdS2 × S2 can be constructed by taking the direct product of
the spinors given in (2.16) and (2.20). Suppose that ψ1 denotes an eigenstate of 6DS2 with
eigenvalue iζ1 and ψ2 denotes an eigenstate of 6DAdS2 with eigenvalue iζ2:
6DS2ψ1 = iζ1 ψ1, 6DAdS2ψ2 = iζ2 ψ2. (2.23)
We have ζ1 = ±a−1(l + 1) and ζ2 = ±a−1λ. Since σ3 anti-commutes with 6DS2 and commutes
with 6DAdS2 , we have, using (2.13),
6DAdS2×S2 ψ1 ⊗ ψ2 = iζ1ψ1 ⊗ ψ2 + iζ2σ3 ψ1 ⊗ ψ2 ,
6DAdS2×S2 σ3 ψ1 ⊗ ψ2 = iζ2 ψ1 ⊗ ψ2 − iζ1σ3 ψ1 ⊗ ψ2 .
(2.24)
Diagonalizing the 2 × 2 matrix we see that 6DAdS2×S2 has eigenvalues ±i
√
ζ21 + ζ
2
2 . Thus the
square of the eigenvalue of 6DAdS2×S2 is given by the sum of squares of the eigenvalues of 6DAdS2
and 6DS2.
By introducing the ‘charge conjugation operator’ C˜ = σ2 ⊗ τ1 and defining ψ¯ = ψT C˜, we
can express the orthonormality relations (2.19), (2.22) as∫
d4x
√
det g
(
χ+l,m ⊗ χ+k (λ)
) (
η+l′,m′ ⊗ η−k′(λ′)
)
= i δl,l′δm,m′δk,k′δ(λ− λ′) , (2.25)
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etc. This is important since eventually we shall be dealing with fields satisfying appropriate
reality conditions for which ψ¯ will be defined as ψT C˜ as far as the SO(4) Clifford algebra
associated with AdS2 × S2 is concerned (see (4.8)).
In our analysis we shall also need to find a basis in which we can expand the Rarita-
Schwinger field Ψµ. Let us denote by χ the spinor ψ1 ⊗ ψ2 where ψ1 and ψ2 are eigenstates
of 6DS2 and 6DAdS2 with eigenvalues iζ1 and iζ2 respectively. Then a (non-orthonormal set of)
basis states for expanding Ψµ on AdS2 × S2 can be chosen as follows:
Ψα = γαχ, Ψm = 0 ,
Ψα = 0, Ψm = γmχ,
Ψα = Dαχ, Ψm = 0,
Ψα = 0, Ψm = Dmχ . (2.26)
By including all possible eigenstates χ of 6DS2 and 6DAdS2 we shall generate the complete set of
basis states for expanding the Rarita-Schwinger field barring the subtleties mentioned below.
There are two additional points which will be important for our analysis. First of all we
have the relations
Dαχ
±
0,0 = ±
i
2
a−1 γαχ
±
0,0, Dαη
±
0,0 = ±
i
2
a−1 γαη
±
0,0 . (2.27)
Thus if we take χ = ψ1 ⊗ ψ2 where ψ1 corresponds to any of the states χ±0,0 or η±0,0, and ψ2 is
any eigenstate of 6DAdS2, then the basis vectors appearing in (2.26) are not all independent, –
the modes in the third row of (2.26) are related to those in the first row. The second point is
that the modes given in (2.26) do not exhaust all the modes of the Rarita Schwinger operator;
there are some additional discrete modes of the form
ξ(k)±m ≡ ψ1⊗
(
Dm ± 1
2a
σ3γm
)
χ±k (i), ξ̂
(k)±
m ≡ ψ1⊗
(
Dm ± 1
2a
σ3γm
)
η±k (i), k = 1, · · ·∞ ,
(2.28)
where χ±k (λ) and η
±
k (λ) have been defined in (2.20). Since χ
±
k (i) and η
±
k (i) are not square
integrable, these states are not included in the set given in (2.26). However the modes described
in (2.28) are square integrable and hence they must be included among the eigenstates of the
Rarita-Schwinger operator. These modes can be shown to satisfy the chirality projection
condition
τ3
(
Dm ± 1
2a
σ3γm
)
χ±k (i) = −
(
Dm ± 1
2a
σ3γm
)
χ±k (i),
12
τ3
(
Dm ± 1
2a
σ3γm
)
η±k (i) =
(
Dm ± 1
2a
σ3γm
)
η±k (i) . (2.29)
3 Logarithmic correction to the black hole entropy
In this section we shall review the general procedure for computing the logarithmic correction
to the extremal black hole entropy. Suppose we have an extremal black hole with near horizon
geometry AdS2 × S2, with equal radius of curvature a of AdS2 and S2. Then the Euclidean
near horizon metric takes the form given in (2.1). As in [46], we shall make use of the flat
directions of the classical entropy function to choose the near horizon parameters such that a
is the only parametrically large number, all other parameters e.g. the string coupling or the
size of the compact space remains fixed as we take the large charge limit. Let ZAdS2 denote
the partition function of string theory in the near horizon geometry, evaluated by carrying out
functional integral over all the string fields weighted by the exponential of the Euclidean action
S, with boundary conditions such that asymptotically the field configuration approaches the
near horizon geometry of the black hole.6 Then AdS2/CFT1 correspondence tells us that the
full quantum corrected entropy SBH is related to ZAdS2 via [7, 24]:
eSBH−E0β = ZAdS2 , (3.1)
where E0 is the energy of the ground state of the black hole carrying a given set of charges,
and β denotes the length of the boundary of AdS2 in a regularization scheme that renders the
volume of AdS2 finite by putting an infrared cut-off η ≤ η0. Let ∆Leff denote the one loop
correction to the four dimensional effective lagrangian density evaluated in the background
geometry (2.1). Then the one loop correction to ZAdS2 is given by
exp
[∫ √
det g dη dθ dψ dφ∆Leff
]
= exp
[
8π2 a4 (cosh η0 − 1)∆Leff
]
. (3.2)
The term proportional to cosh η0 in the exponent has the interpretation of −β∆E0 +O (β−1)
where β = 2πa sinh η0 is the length of the boundary of AdS2 parametrized by θ and ∆E0 =
−4πa3∆Leff is the shift in the ground state energy. The rest of the contribution in the
6Since in AdS2 the asymptotic boundary conditions fix the electric fields, or equivalently the charges carried
by the black hole, and let the constant modes of the gauge fields to fluctuate, we need to include in the path
integral a boundary term exp(−i ∮ ∑k qkA(k)µ dxµ) where A(k)µ are the gauge fields and qk are the corresponding
electric charges carried by the black hole [7]. This term plays a crucial role in establishing that the classical
contribution to the black hole entropy computed via (3.1) gives us the Wald entropy, but will not play any role
in the computation of logarithmic corrections.
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exponent can be interpreted as the one loop correction to the black hole entropy [7,24]. Thus
we have
∆SBH = −8π2a4∆Leff . (3.3)
While the term in the exponent proportional to β and hence ∆E0 can get further corrections
from boundary terms in the action, the finite part ∆SBH is defined unambiguously. This
reduces the problem of computing one loop correction to the black hole entropy to that of
computing one loop correction to Leff . We shall now describe the general procedure for
calculating ∆Leff .
The near horizon geometry of the black hole has background flux of various electromagnetic
fields through S2 and AdS2. In this section we shall ignore the effect of this background flux,
leaving the full problem for later sections. Then the dynamics of various fields is controlled
essentially by their coupling to the background metric (2.1). First consider the case of a
massless scalar field. If we denote the eigenvalues of the scalar laplacian by {−κn} and the
corresponding normalized eigenfunctions by fn(x) then the heat kernel K
s(x, x′; s) of the scalar
Laplacian is defined as (see [50, 51] and references therein)
Ks(x, x′; s) =
∑
n
e−κn s fn(x) fn(x
′) . (3.4)
The superscript s on K reflects that the laplacian acts on the scalar fields. In (3.4) we have
assumed that we are working in a basis in which the eigenfunctions are real; if this is not the
case then we need to replace fn(x
′) by f ∗n(x
′). The contribution of this scalar field to the one
loop effective action can now be expressed as
∆S = −1
2
∑
n
ln κn =
1
2
∫ ∞
ǫ
ds
s
∑
n
e−κns =
1
2
∫ ∞
ǫ
ds
s
∫
d4x
√
det g Ks(x, x; s) , (3.5)
where gµν is the AdS2 × S2 metric and ǫ is an ultraviolet cut-off. Identifying this as∫
d4x
√
det g∆Leff we get
∆Leff = 1
2
∫ ∞
ǫ
ds
s
Ks(0; s) , (3.6)
where Ks(0; s) ≡ Ks(x, x; s). Note that using the fact that AdS2 and S2 are homogeneous
spaces we have dropped the dependence on x from Ks(x, x; s).
For higher spin fields the field will carry an extra index (say a). Then we can define the
heat kernel Kab(x, x
′; s) by generalizing (3.4) and the contribution to ∆Leff from these fields
will be given by
1
2
∫ ∞
ǫ
ds
s
Kaa(x, x; s) . (3.7)
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For notational simplicity we shall refer to Kaa as the heat kernel and denote it by K, but it
should be kept in mind that for higher spin fields this refers to the trace of the heat kernel.
For fermions there will be an extra minus sign since the fermionic integral produces a positive
power of the determinant. We shall choose the convention in which this extra factor is absorbed
into the definition of K. Also the fermionic kinetic operator is linear in derivatives; we shall
find it convenient to define the heat kernel using the square of the fermionic kinetic operator,
and then include an extra factor of half in the definition of K to account for the final square
root that we need to take.
Let us now return to the computation of Ks(0; s). It follows from (3.4) and the fact that
AdS2×S2 = AdS2 +S2 that the heat kernel of a massless scalar field on AdS2 × S2 is given
by the product of the heat kernels on AdS2 and S
2, and in the x′ → x limit takes the form [67]
Ks(0; s) = KsAdS2(0; s)K
s
S2(0; s) . (3.8)
KsS2 and K
s
AdS2
in turn can be calculated using (3.4) since we know the eigenfunctions and the
eigenvalues of the Laplace operator on these respective spaces. The eigenfunction on AdS2 are
described in (2.3). Since fλ,ℓ vanish at η = 0 for ℓ 6= 0, only the ℓ = 0 eigenfunctions will
contribute to KsAdS2(0; s). At η = 0 the ℓ = 0 eigenfunction has the value
√
λ tanh(πλ)/
√
2πa2.
Thus (3.4) gives
KsAdS2(0; s) =
1
2π a2
∫ ∞
0
dλ λ tanh(πλ) exp
[
−s
(
λ2 +
1
4
)
/a2
]
. (3.9)
On S2 the eigenfunctions are Ylm(ψ, φ)/a and the corresponding eigenvalues are −l(l + 1)/a2.
Since Ylm vanishes at ψ = 0 for m 6= 0, and Yl0 =
√
2l + 1/
√
4π at ψ = 0 we have
KsS2(0; s) =
1
4πa2
∑
l
e−sl(l+1)/a
2
(2l + 1) . (3.10)
We can bring this to a form similar to (3.9) by expressing it as
1
4πi a2
es/4a
2
∮
dλ˜ λ˜ tan(πλ˜) e−sλ˜
2/a2 , (3.11)
where
∮
denotes integration along a contour that travels from ∞ to 0 staying below the real
axis and returns to ∞ staying above the real axis. By deforming the integration contour to a
pair of straight lines through the origin – one at an angle κ below the positive real axis and
the other at an angle κ above the positive real axis – we get
KsS2(0; s) =
1
2πa2
es/4a
2
Im
∫ eiκ×∞
0
λ˜ dλ˜ tan(πλ˜) e−sλ˜
2/a2 , 0 < κ << 1 . (3.12)
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Combining (3.10) and (3.9) we get the heat kernel of a scalar field on AdS2 × S2:
Ks(0; s) =
1
8π2a4
∞∑
l=0
(2l + 1)
∫ ∞
0
dλ λ tanh(πλ) exp
[
−s¯λ2 − s¯
(
l +
1
2
)2]
=
1
4π2a4
∫ ∞
0
dλ λ tanh(πλ) Im
∫ eiκ×∞
0
λ˜ dλ˜ tan(πλ˜) exp
[
−s¯λ2 − s¯λ˜2
]
,
(3.13)
where
s¯ = s/a2 . (3.14)
We can in principle evaluate the full one loop correction to SBH due to massless fields
using (3.3), (3.6) and (3.13), but our goal is to extract the piece proportional to ln a for large
a. Such contributions come from the region of integration 1 << s << a2 or equivalently
a−2 << s¯ << 1. Thus we need to study the behaviour of (3.9), (3.10) for small s¯. We shall
now describe a general procedure for carrying out this small s¯ expansion, not just for the
integrals appearing in (3.13) but for a more general class of integrals where we insert some
powers of λ and λ˜ into the integrand. For this we first write
tanh(πλ) = 1 + 2
∞∑
k=1
(−1)k e−2πkλ, tan(πλ˜) = i
[
1 + 2
∞∑
k=1
(−1)k e2πikλ˜
]
. (3.15)
In the term proportional to 1 in the expression for tanh(πλ) (tan πλ) we change the integration
variable in (3.13) from λ (λ˜) to u ≡ s¯λ2 (v = s¯λ˜2). These integrals can be performed exactly
in terms of Γ functions. On the other hand in the term proportional to e−2πkλ (e2πikλ˜) in the
expansion of tanh(πλ) (tan(πλ˜)) we change the variable of integration to u = 2πkλ (v = 2πikλ˜)
and then expand the e−s¯λ
2
(e−s¯λ˜
2
) term in a power series in u (or v). After performing the
integrals and a resummation over k we get∫ ∞
0
dλ λ tanh(πλ) e−s¯λ
2
λ2n
=
1
2
s¯−1−nΓ(1 + n) + 2
∞∑
m=0
s¯m
(2m+ 2n+ 1)!
m!
(2π)−2(m+n+1) (−1)m
(2−2m−2n−1 − 1) ζ(2(m+ n+ 1)) . (3.16)
Im
∫ eiκ×∞
0
dλ˜ λ˜ tan(πλ˜) e−s¯λ˜
2
λ˜2n
16
=
1
2
s¯−1−nΓ(1 + n) + 2
∞∑
m=0
s¯m
(2m+ 2n+ 1)!
m!
(2π)−2(m+n+1)(−1)n+1
(2−2m−2n−1 − 1) ζ(2(m+ n+ 1)) . (3.17)
This leads to the following expression for KsAdS2(0; s) and K
s
S2(0; s):
KsAdS2(0; s) =
1
4πa2 s¯
e−s¯/4
[
1 +
∞∑
n=0
(−1)n
n!
(2n+ 1)!
s¯n+1
π2n+2
1
22n
(
2−2n−1 − 1) ζ(2n+ 2)]
=
1
4πa2 s¯
e−s¯/4
(
1− 1
12
s¯+
7
480
s¯2 +O(s¯3)
)
, (3.18)
KsS2(0; s) =
1
4πa2 s¯
es¯/4
[
1−
∞∑
n=0
1
n!
(2n+ 1)!
s¯n+1
π2n+2
1
22n
(
2−2n−1 − 1) ζ(2n+ 2)]
=
1
4πa2 s¯
es¯/4
(
1 +
1
12
s¯+
7
480
s¯2 +O(s¯3)
)
. (3.19)
Substituting (3.18) and (3.19) into (3.8) we get
Ks(0; s) =
1
16π2a4 s¯2
(
1 +
1
45
s¯2 +O(s4)
)
. (3.20)
Eq.(3.6) now gives
∆Leff = 1
32π2a4
∫ ∞
ǫ/a2
ds¯
s¯3
(
1 +
1
45
s¯2 +O(s¯4)
)
. (3.21)
This integral has a quadratically divergent piece proportional to 1/ǫ2. This can be thought
of as a renormalization of the cosmological constant and will cancel against contribution from
other fields in a supersymmetric theory in which the cosmological constant is not renormalized.
Even otherwise in string theory there is a physical cut-off set by the string scale.7 Our main
interest is in the logarithmically divergent piece which comes from the order s¯2 term inside the
parentheses. This is given by
1
1440π2a4
ln(a2/ǫ) , (3.22)
7Typically in a string theory there are multiple scales e.g. string scale, Planck scale, scale set by the mass
of the D-branes etc. We shall consider near horizon background where the string coupling constant as well as
all the other parameters describing the shape, size and the various background fields along the six compact
directions are of order unity. In this case all these length scales will be of the same order.
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and, according to (3.3) gives a contribution to the entropy
∆SBH = − 1
180
ln(a2/ǫ) . (3.23)
Computation for the higher spin fields follows in a similar manner. We use the basis
described in §2 to construct the heat kernel. For evaluating K(0; s) we need to compute u(x)2
at x = 0 where u is a generic basis element for the higher spin fields. This can of course be
done using the explicit form of the basis functions given in §2 but here we shall suggest a
useful shortcut. Consider for example the state of the form (κ
(k)
2 )
−1∂mWk given in (2.5). Since
Kαα(x, x; s) is independent of x due to the homogeneity of AdS2 and S
2, we can replace the
contribution from every term to Kαα(x, x; s) by the volume average of the term. Now since Wk
and (κ
(k)
2 )
−1∂mWk are both δ-function normalized states, the volume average of the square of
(κ
(k)
2 )
−1∂mWk over AdS2 is the same as that of the square ofWk; hence we can replace the square
of (κ
(k)
2 )
−1∂mWk by Wk(x)
2 while computing Kαα(x, x; s). The contribution to the heat kernel
from this set of modes will have the same form as (3.9), except that the exp[−s(λ2 + 1/4)/a2]
term will be replaced by exp[−sγ(λ)] where γ(λ) is a function of λ that gives the eigenvalue
of the kinetic operator acting on this state. Similar remark holds for all other basis states
which are obtained by acting suitable differential operators on the eigenfunctions of the scalar
Laplacian. This will be illustrated in detail in §5.
As we shall see in the later sections, in the presence of non-trivial background gauge fields
the individual basis states introduced e.g. in (2.10) and similar basis states for higher spin
fields no longer remain eigenstates of the kinetic operators. Instead the kinetic operator is
represented as a matrix on such basis states for fields of different spin. The matrix however
is still block diagonal, with each block spanned by basis states built by the action of various
differential operators on the Ylm(ψ, φ)fλ,k(η, θ) for fixed (l, λ,m, k). In this case we have to
replace the e−s¯λ
2−s¯l(l+1) factor in the integrand by
∑
i exp[−sγi(l, λ)] where the sum over i runs
over all the eigenvectors of this matrix and γi(l, λ) represent the corresponding eigenvalues.
For the discrete modes given in (2.6) and (2.9) we need to evaluate the contribution explic-
itly. This can be done by noting that at η = 0 only the ℓ = ±1 modes in (2.6) are non-vanishing
and only the ℓ = ±2 modes in (2.9) are non-vanishing. This allows us to explicitly evaluate the
contribution from the discrete modes to KAdS2(0; s) for the vector and the symmetric tensor
fields:
vector :
1
2πa2
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symmetric tensor :
3
2πa2
. (3.24)
Again in the presence of non-trivial background field there can be mixing between the discrete
modes of various fields, carrying the same l label, under the action of the kinetic operator. In
this case we have to find the eigenvalues γi(l) of the corresponding matrix, and include factors
of exp[−sγi(l)] in the summand in computing the contribution to the heat kernel from the
discrete modes.
This procedure for computing the heat kernel for higher spin fields from that of scalars does
not work for fermions since the eigenfunctions of the fermionic kinetic operator are not given
by simple differential operators acting on the eigenfunctions of the scalar kinetic operator.
However since the eigenfunctions of the fermionic kinetic operator are given in (2.16), (2.20),
we can use this to explicitly compute the heat kernel of a fermion on AdS2 × S2. This was
done in [46] and the result for a Dirac fermion is
− 1
2π2a4
∫ ∞
0
dλe−s¯λ
2
λ coth(πλ)
∞∑
l=0
(2l + 2) e−s(l+1)
2/a2 . (3.25)
Since the basis for the expansion of a spin 3/2 field is given by various operators acting on the
eigenmodes of the spin 1/2 Dirac operator, we can use the previous trick to compute the heat
kernel for spin 3/2 field in terms of the heat kernel of the spin 1/2 field. This will be illustrated
in §6.
One final issue that enters the computation is the following. Typically for higher spin
fields the heat kernel on AdS2 × S2 also receives contribution from zero modes, – discrete
modes representing eigenfunctions of the kinetic operator with zero eigenvalue.8 These give
s independent contribution to the heat kernel. Integration over these zero modes cannot be
represented as a determinant of the kinetic operator and must be computed separately. For
this reason we need to identify in the final expression for the heat kernel on AdS2 × S2 the
s-independent contribution from the discrete modes and subtract it from the full heat kernel.
We then have to evaluate separately the contribution due to integraton over these zero modes.
It follows from (3.3), (3.6) and (1.3) that if the total contribution to K(0; s) after removing
the contribution due to the zero modes is given by c/π2a4 for some constant c, then the net
8Note that here we are refering to the zero eigenvalues of the full kinetic operator on AdS2 × S2, taking
into acount the effect of background gauge fields, and not eigenvalues of the kinetic operators on AdS2 and S
2
separately.
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logarithmic correction to the black hole entropy from the non-zero modes will be given by
− 4c ln a2 = −2c ln∆ . (3.26)
4 Quadratic action of gravity multiplet fields in N = 4
supergravity
We consider type II string theory compactified on K3 × T 2 or equivalently heterotic string
theory on T 6. In the language of heterotic string theory the black hole solution we consider
contains momentum and winding charge along one of the circles of T 6 denoted by the coordinate
x4, and Kaluza-Klein monopole and H-monopole charges associated with another circle of T 6
denoted by x5. The other compact directions will be denoted by x6, · · ·x9. The quadratic
action involving fluctuations of the various massless fields of N = 4 supergravity around the
near horizon geometry of the black hole was analyzed in [46]. The result of this paper shows
that the dependence on the charges can be scaled out by a simple field redefinition and the
final action depends on the charges only through an overall length parameter a describing the
radius of curvature of AdS2 and S
2. The relation between a and the charges has been given in
(1.3). It was further found that the net logarithmic correction to the black hole entropy due
to fields in the matter multiplet vanish. Thus we shall focus on fields in the gravity multiplet.
We shall use the convention in which the indices µ, ν run over all the four coordinates of
AdS2 × S2, the indices α, β run over the coordinates of S2 and the indices m,n run over the
coordinates of AdS2. In this convention the gravity multiplet fluctuations around the near
horizon geometry are labelled by a set of six vector fields A(a)µ (1 ≤ a ≤ 6), a spin two field
hµν , two scalars χ1 and χ2 describing fluctuations of the axion-dilaton field, and four gravitino
and four dilatino fields. It is natural to combine the four dilatino fields into a 16 component
right-handed Majorana-Weyl spinor Λ of the ten dimensional Lorentz group, and the four
gravitino fields into a set of fields {ψµ} where for each µ (0 ≤ µ ≤ 3) ψµ is a 16 component
left-handed Majorana-Weyl spinor of the ten dimensional Lorentz group.9 In the harmonic
gauge the quadratic part of the action involving these fluctuating fields is given by [46]
S = Sb + Sf =
∫
d4x
√
det g(Lb + Lf) , (4.1)
9Our conventions here are somewhat different from that of [46], where Λ refered to the dilatino field in
ten dimensions, and the four dimensional dilatino, obtain after dimensional reduction, was denoted by λ. The
latter field is being called Λ here, and we shall not make any reference to the ten dimensional fields before
dimensional reduction.
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Lb = −1
4
hµν
(
∆˜h
)µν
+
1
2
χ1χ1 +
1
2
χ2χ2 +
1
2
6∑
a=1
A(a)µ (gµν− Rµν)A(a)ν
+
1
2
a−2
(
hmnhmn − hαβhαβ + 2χ2 (hmm − hαα)
)
+
√
2
a
[
iεmn f (1)αmh
α
n + ε
αβ f (2)αmh
m
β
]
+
1
2
√
2 a
[
iεmnf (1)mn
(−2χ2 + hγγ − hpp)− εαβf (2)αβ (−2χ2 + hpp − hγγ)]
+
1
a
√
2
χ1
(
iεmnf (2)mn + ε
αβf
(1)
αβ
)
, (4.2)
and
Lf = −1
2
[
ψ¯µΓ
µνρDνψρ + Λ¯Γ
µDµΛ
+
1
4
√
2
ψ¯µ [−Γµνρσ + 2gµσgνρ + 2ΓµρνΓσ + ΓµνΓρσ]
(
F¯ 1ρσΓ
4 + F¯ 2ρσΓ
5
)
ψν
+
1
4
[
ψ¯µΓ
ρσΓµ
(
F¯ 1ρσΓ
4 + F¯ 2ρσΓ
5
)
Λ− Λ¯ (F¯ 1ρσΓ4 + F¯ 2ρσΓ5)ΓµΓρσψµ]
−1
2
ψ¯µΓ
µΓνDνΓ
ρψρ
]
. (4.3)
Here
f (a)µν ≡ ∂µA(a)ν − ∂νA(a)µ , (4.4)(
∆˜h
)
µν
= −hµν −Rµτhτν − Rντh τµ − 2Rµρντhρτ +
1
2
gµν g
ρσ
hρσ
+Rhµν + (gµνR
ρσ +Rµνg
ρσ) hρσ − 1
2
Rgµν g
ρσ hρσ , (4.5)
and εαβ and εmn have been defined in (2.2). All indices are raised and lowered by the back-
ground metric gµν given in (2.1). Rµνρσ is the Riemann tensor on AdS2 × S2 constructed
from the background metric (2.1) and F¯ 1ρσ and F¯
2
ρσ are background gauge field strengths whose
non-vanishing components are
F¯ 1mn = −
i√
2a
εmn, F¯
2
αβ =
1√
2a
εαβ . (4.6)
ΓM are ten dimensional gamma matrices chosen as follows:
Γµ = γµ ⊗ I8, Γm = σ3 ⊗ τ3 ⊗ Γ̂m, 0 ≤ µ ≤ 3, 4 ≤ m ≤ 9, (4.7)
where γµ’s have been defined in (2.12) and Γ̂m are 8 × 8 SO(6) gamma matrices. ψ¯µ, Λ¯ are
defined as
ψ¯µ ≡ ψTµ C, Λ¯ ≡ ΛT C , (4.8)
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where T denotes transpose and C is the SO(10) charge conjugation matrix satisfying
(CΓA)T = CΓA, CT = −C . (4.9)
Our choice for C will be:
C = σ2 ⊗ τ1 ⊗ Ĉ, (4.10)
where Ĉ is the SO(6) charge conjugation matrix satisfying
(ĈΓ̂p)T = −ĈΓ̂p, ĈT = Ĉ . (4.11)
We can use the vielbeins to convert the tangent space indices to coordinate indices and vice
versa. We shall use the same symbol Γ for labelling the gamma matrices carrying coordinate
indices.
The Lagrangian densities given in (4.2) and (4.3) includes gauge fixing terms of the form:
− 1
2
gρσ
(
Dµhµρ − 1
2
Dρ h
µ
µ
)(
Dν hνσ − 1
2
Dσh
ν
ν
)
− 1
2
DµA(a)µ DνA(a)ν +
1
4
ψ¯µΓ
µΓνDνΓ
ρψρ .
(4.12)
Gauge fixing also leads to a set of ghost fields. Let us denote by bµ and cµ the ghosts associ-
ated with diffeomorphism invariance, by b(a) and c(a) the ghosts associated with the U(1) gauge
invariances, and by b˜, c˜ the ten dimensional left-handed Majorana-Weyl bosonic ghosts associ-
ated with local supersymmetry. Quantization of the gravitino also requires the introduction of
a third ten dimensional right-handed Majorana-Weyl bosonic ghost field which we shall denote
by e˜.10 Then the total ghost action is given by [46]
Lghost =
[
bµ (gµν+Rµν) c
ν + b(a)c(a) − 2 b(a)F¯ aµν Dµcν
]
+
¯˜
bΓµDµc˜+ ¯˜eΓ
µDµe˜ . (4.13)
Our goal will be to compute the one loop contribution to Leff due to these fields and use this
to compute the correction to the black hole entropy.
5 Contribution from the integer spin fields
In this section we shall compute the contribution to the heat kernel due to the gravity multiplet
fields of integer spin – both physical fields and the ghosts. We begin with the physical bosonic
10This comes from the special nature of the gauge fixing term given in (4.12); to get this term we first insert
into the path integral the gauge fixing term δ(Γµψµ − ξ(x)) for some arbitrary space-time dependent spinor
ξ(x); and then average over all ξ(x) with a weight factor of exp(− ∫ √det g ξ¯ 6Dξ). The integration over ξ
introduces an extra factor of det 6D which needs to be canceled by an additional spin half bosonic ghost with
the standard kinetic operator proportional to 6D.
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fields which include the fluctuations hµν , A(a)µ for 1 ≤ a ≤ 6 and the scalar fields χ1 and χ2.
From the structure of Lb given in (4.2) we see that the fields A(a)µ for 3 ≤ a ≤ 6 are not affected
by the presence of the background flux. Hence their contribution to the heat kernel is given by
that of four regular vector fields in AdS2×S2. This was computed in [46], but we shall review
the analysis since the method it uses will be of use for other fields as well. As explained in §3,
the general strategy is to express various fields as derivatives of scalar fields and then express
the scalar fields as linear combinations of complete set eigenstates of the −S2 and −AdS2
operator. For example we can write11
A(a)α =
∑
k
 1√
κ
(k)
1
(
P (k)a ∂α uk +Q
(k)
a εαβ∂
β uk
) ,
A(a)m =
∑
k
 1√
κ
(k)
2
(
R(k)a ∂m uk + S
(k)
a εmn∂
n uk
) , for 3 ≤ a ≤ 6 , (5.1)
where {uk} are a complete set of scalar functions with eigenvalue κ(k)1 = l(l+1)/a2 of −S2 and
κ
(k)
2 = λ
2 + 1
4
of −AdS2 and P (k)a ’s, Q(k)a ’s, R(k)a ’s, and S(k)a ’s, are constants. Upon substiting
(5.1) into (4.2), and integrating over AdS2 × S2, we shall get an expression quadratic in the
coefficients P,Q,R, S. Orthonormality of the uk’s guarantee that the quadratic term is block
diagonal, with different blocks labelled by different k, ı.e. different (l, λ). Thus for each (l, λ)
we shall have a finite dimensional matrix to diagonalize. If we denote the eigenvalues of this
matrix by γi(l, λ), then the net contribution to the heat kernel will be given by
1
8π2a4
∫ ∞
0
dλ λ tanh(πλ)
∞∑
l=0
(2l + 1)
∑
i
e−s¯γi(l,λ) +Kdiscrete , (5.2)
where Kdiscrete denotes the contribution from the discrete modes given by the product of
Ylm(ψ, φ) with (2.6). This can be computed in a similar way using the fact that the discrete
modes of each vector gives a contribution of 1/2πa2 to the AdS2 heat kernel. The correspond-
ing contribution will involve only a sum over l but no integration over λ. In order to avoid
proliferation of indices we shall from now on work in a fixed k sector and drop the superscript
k and the subscript a from all subsequent formulæ. Then the part of the action involving the
11Note that we are pretending that the eigenvalues are discrete whereas in reality the eigenvalues of −AdS2
are continuous and hence the u’s are delta function normalized. But this does not affect the diagonalization of
the kinetic operator.
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coefficients P,Q,R, S is given by
− 1
2
(κ1 + κ2)(P
2 +Q2 +R2 + S2) . (5.3)
For κ1 = 0, ı.e. for l = 0 the modes P and Q are absent since the corresponding u is constant on
S2 and hence ∂αu vanishes. Thus we have four eigenvalues of the form κ1+κ2 = [λ
2+(l+ 1
2
)2]/a2
for l ≥ 1 and two eigenvalues of the form λ2+ 1
4
. Finally for κ2 = 0, ı.e. λ = i/2 we have some
additional discrete modes. The net contribution from all these modes to the trace of the heat
kernel is given by:
4
8π2a4
[
e−s¯/4
∫ ∞
0
dλ λ tanh(πλ) e−s¯λ
2
∞∑
l=0
(2l + 1) e−s¯l(l+1) (4− 2δl,0) +
∞∑
l=0
(2l + 1) e−s¯l(l+1)
]
.
(5.4)
The last term without an integration over λ represents the contribution from the discrete
modes.
We now turn to the rest of the physical bosonic fields which include the gauge fields A(a)µ
for a = 1, 2, the graviton hµν and the scalars χ1 and χ2. The analysis proceeds in a similar
manner by expanding various fields in a basis obtained from derivatives of uk. As before we
work in a fixed k sector and drop the index k since there is no mixing between sectors with
different k. We take the following expansion for different fields:
A(1)α =
1√
κ1
(
C1∂α u+ C2εαβ∂
β u
)
, A(1)m =
1√
κ2
(C3∂m u+ C4εmn∂
n u) ,
A(2)α =
1√
κ1
(
C5∂α u+ C6εαβ∂
β u
)
, A(2)m =
1√
κ2
(C7∂m u+ C8εmn∂
n u) ,
hmα =
1√
κ1κ2
(
B1 ∂α∂m u+B2 εmn∂α∂
nu+B3 εαβ ∂
β∂mu+B4 εαβ εmn ∂
β∂nu
)
,
hαβ =
1√
2
(i B5 +B6) gαβ u+
1√
κ1 − 2a−2
(Dαξβ +Dβξα − gαβ Dγξγ) ,
hmn =
1√
2
(i B5 −B6) gmn u+ 1√
κ2 + 2a−2
(
Dmξ̂n +Dnξ̂m − gmnDpξ̂p
)
,
ξα =
1√
κ1
(
B7∂α u+B8 εαβ∂
β u
)
, ξ̂m =
1√
κ2
(B9∂m u+B0 εmn∂
n u) ,
χ1 = C9u, χ2 = C0u , (5.5)
where B0, · · ·B9 and C0, · · ·C9 are arbitrary coefficients. The normalizations of the coefficients
have been chosen such that the deformations parametrized by individual coefficients are cor-
rectly normalized and the deformations parametrized by different coefficients have vanishing
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inner product. For reasons to be explained later we shall first consider deformations associated
with uk’s for which κ
(1)
k > 2a
−2 (ı.e. l > 1). The need for restricting to modes with κ1 > 2a
−2
is clear from the denominator factor of κ1−2a−2 in the expansion (5.5) of hαβ. We also exclude
all the discrete modes on AdS2 corresponding to κ
(2)
k = 0 from the initial analysis; they will
be incorporated later. Note the i multiplying B5, – we have taken into account that the con-
formal factor of the metric, parametrized by B5, has wrong sign kinetic term, and hence must
be rotated to lie along the imaginary axis to make the path integral well defined. Substituting
(5.5) into (4.2) and integrating over AdS2×S2 using the orthonormality of the basis states we
get the contribution to the action from the κ1 > 2a
−2, κ2 > 0 modes to be
−1
2
(κ1 + κ2)
[
9∑
i=0
C2i +
6∑
i=1
B2i
]
− 1
2
(κ1 + κ2 − 4 a−2)(B27 +B28)
−1
2
(κ1 + κ2 + 4a
−2)(B29 +B
2
0)
+a−2 (B29 +B
2
0)− a−2 (B27 +B28)− 2 i a−2B5B6 − 2
√
2 a−2B6C0
+i
√
2a−1 [−√κ1C3B2 +√κ1C4B1 +√κ2C1B2 +√κ2C2B4]
+
√
2a−1 [−√κ1C7B3 −√κ1C8B4 +√κ2C5B3 −√κ2C6B1]
+i
√
2a−1
√
κ2 (−C0 +
√
2B6)C4 +
√
2a−1
√
κ1(C0 +
√
2B6)C6
+
√
2a−1(
√
κ1C2 + i
√
κ2C8)C9 . (5.6)
This needs to be further integrated over λ and summed over l to get the full action but we
shall work in a sector with fixed l and λ as before.
We can now diagonalize the kinetic operator by analyzing various blocks. First of all note
that B7, B8, B9 and B0 do not have any cross terms. Hence the eigenvalues in these sectors
can be read out immediately from (5.6). We get
B7, B8 : κ1 + κ2 − 2 a−2 ,
B9, B0 : κ1 + κ2 + 2 a
−2 . (5.7)
Next we note that the parameters B2, C3 and C1 mix among themselves but do not mix with
any parameter outside this set. In this three dimensional subspace the kinetic operator takes
the form  κ1 + κ2 ia−1√2κ1 −ia−1√2κ2ia−1√2κ1 κ1 + κ2 0
−ia−1√2κ2 0 κ1 + κ2
 . (5.8)
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Diagonalizing this matrix we find the eigenvalues in this sector to be
κ1 + κ2, κ1 + κ2 ± ia−1
√
2(κ1 + κ2) . (5.9)
Similarly we find from (5.6) that the parameters B3, C7, C5 mix among themselves but do not
mix with any parameters outside this set. In this subspace the kinetic operator takes the form: κ1 + κ2 a−1√2κ1 −a−1√2κ2a−1√2κ1 κ1 + κ2 0
−a−1√2κ2 0 κ1 + κ2
 . (5.10)
The eigenvalues of this matrix are given by
κ1 + κ2, κ1 + κ2 ± a−1
√
2(κ1 + κ2) . (5.11)
The parameters B4, C2, C8, C9 mix among themselves but do not mix with any other parameter.
In this four dimensional subspace the kinetic operator is given by
κ1 + κ2 −ia−1
√
2κ2 a
−1
√
2κ1 0
−ia−1√2κ2 κ1 + κ2 0 −a−1
√
2κ1
a−1
√
2κ1 0 κ1 + κ2 −ia−1
√
2κ2
0 −a−1√2κ1 −ia−1
√
2κ2 κ1 + κ2
 . (5.12)
The eigenvalues are
κ1 + κ2 + a
−1
√
2(κ1 − κ2), κ1 + κ2 + a−1
√
2(κ1 − κ2),
κ1 + κ2 − a−1
√
2(κ1 − κ2), κ1 + κ2 − a−1
√
2(κ1 − κ2) . (5.13)
Finally the remaining parameters B1, C4, C6, C0, B6, B5 all mix among themselves and produce
a kinetic operator
κ1 + κ2 −ia−1
√
2κ1 a
−1
√
2κ2 0 0 0
−ia−1√2κ1 κ1 + κ2 0 ia−1
√
2κ2 −2ia−1√κ2 0
a−1
√
2κ2 0 κ1 + κ2 −a−1
√
2κ1 −2a−1√κ1 0
0 ia−1
√
2κ2 −a−1
√
2κ1 κ1 + κ2 2
√
2 a−2 0
0 −2ia−1√κ2 −2a−1√κ1 2
√
2 a−2 κ1 + κ2 2ia
−2
0 0 0 0 2ia−2 κ1 + κ2
 . (5.14)
We shall denote the eigenvalues of this matrix by
κ1 + κ2 + a
−2fi(l, λ), 1 ≤ i ≤ 6 , κ1 ≡ l(l + 1)/a2, κ2 ≡ 1
4a2
+
λ2
a2
. (5.15)
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For κ1 = 2a
−2 (ı.e. l = 1) the modes parametrized by B7 and B8 are absent since the vectors ∂αu
and εαβ∂
βu are the conformal Killing vectors of S2 and hence do not generate any deformation
of the metric. The rest of the modes are not affected. Thus we get the same set of eigenvalues
except the ones given in the first line of (5.7). The net contribution to the heat kernel from
the l ≥ 1 modes is then given by
1
8π2a4
e−s¯/4
∫ ∞
0
dλ λ tanh(πλ) e−s¯λ
2
[ ∞∑
l=1
(2l + 1) e−s¯l(l+1)
{
2 + 2e2s¯ + 2e−2s¯ − 2 e2s¯δl,1
+eis¯
√
2λ2+2l(l+1)+ 1
2 + e−is¯
√
2λ2+2l(l+1)+ 1
2 + es¯
√
2λ2+2l(l+1)+ 1
2 + e−s¯
√
2λ2+2l(l+1)+ 1
2
+2 es¯
√
2l(l+1)−2λ2− 1
2 + 2 e−s¯
√
2l(l+1)−2λ2− 1
2 +
6∑
i=1
e−s¯fi(l,λ)
}]
. (5.16)
For κ1 = 0 (ı.e. l = 0) the function u is a constant on S
2, and as a result all the modes
which involve a derivative with respect to a coordinate of S2 are absent. This will require us
to set to zero the modes corresponding to C1, C2, C5, C6, B1, B2, B3, B4, B7 and B8. The net
contribution to the action from the rest of the modes is given by
−1
2
κ2
∑
i=0,3,4,7,8,9
C2i −
1
2
κ2
6∑
i=5
B2i −
1
2
(κ2 + 2a
−2)(B29 +B
2
0)− 2
√
2 a−2B6C0
+i
√
2a−1
√
κ2 (−C0 +
√
2B6)C4 + a
−1i
√
2κ2C8C9 − 2 i a−2B5B6 . (5.17)
Since C3, C7, B9 and B0 do not mix with other fields, they produce the following eigenvalues
of the kinetic operator:
κ2, κ2, κ2 + 2 a
−2, κ2 + 2 a
−2 . (5.18)
C8 and C9 mix with each other but not with others, producing eigenvalues:
κ2 ± i a−1
√
2κ2 . (5.19)
Finally C4, C0, B6, B5 mix with each other producing the matrix:
κ2 ia
−1
√
2κ2 −2ia−1√κ2 0
ia−1
√
2κ2 κ2 2
√
2 a−2 0
−2ia−1√κ2 2
√
2 a−2 κ2 2ia
−2
0 0 2ia−2 κ2
 . (5.20)
We shall denote the eigenvalues of this matrix by
κ2 + a
−2 gi(λ), 1 ≤ i ≤ 4, κ2 ≡ 1
4a2
+
λ2
a2
. (5.21)
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Thus the net contribution to the heat kernel from the l = 0 modes is given by
1
8π2a4
e−s¯/4
∫ ∞
0
dλ λ tanh(πλ) e−s¯λ
2
[
2+2 e−2s¯+eis¯
√
2λ2+ 1
2+e−is¯
√
2λ2+ 1
2+
4∑
i=1
e−s¯ gi(λ)
]
. (5.22)
We can combine the contributions (5.16) and (5.22) as follows. We first extend the sum
in (5.16) all the way to l = 0 and subtract explicitly the extra contribution due to the l = 0
terms. This includes in particular the terms involving fi(0, λ). Now it is easy to see that for
l = 0, ı.e. κ1 = 0, the 6 × 6 matrix given in (5.14) takes a block diagonal form, with B1 and
C6 forming a 2 × 2 block with eigenvalues κ2 ± a−1
√
2κ2, and C4, C0, B6, B5 forming a 4 × 4
block that is identical to the matrix given in (5.20). Thus the corresponding fi(0, λ)’s coincide
with κ2 ± a−1
√
2κ2 and the four gi(λ)’s. Using this result we can express the sum of (5.16)
and (5.22) as
1
8π2a4
e−s¯/4
∫ ∞
0
dλ λ tanh(πλ) e−s¯λ
2
[ ∞∑
l=0
(2l + 1) e−s¯l(l+1)
{
2 + 2e2s¯ + 2e−2s¯
+eis¯
√
2λ2+2l(l+1)+ 1
2 + e−is¯
√
2λ2+2l(l+1)+ 1
2 + es¯
√
2λ2+2l(l+1)+ 1
2 + e−s¯
√
2λ2+2l(l+1)+ 1
2
+2 es¯
√
2l(l+1)−2λ2− 1
2 + 2 e−s¯
√
2l(l+1)−2λ2− 1
2 +
6∑
i=1
e−s¯fi(l,λ)
}]
− 1
8π2a4
e−s¯/4
∫ ∞
0
dλ λ tanh(πλ) e−s¯λ
2
[
6 + 2e2s¯ + 2eis¯
√
2λ2+ 1
2 + 2e−is¯
√
2λ2+ 1
2
+2es¯
√
2λ2+ 1
2 + 2e−s¯
√
2λ2+ 1
2
]
. (5.23)
Finally we need to consider the discrete modes associated with square integrable wave-
functions of various fields on AdS2. These involve the discrete modes of the vector fields on
AdS2 described in (2.6), and also the discrete modes of the symmetric rank two tensor on
AdS2 described in (2.9). We can take the product of these modes with any mode of S
2 to
describe deformations of vector and symmetric rank 2 tensors on AdS2×S2. Let us denote by
{v(k)m , εmnv(k)n} a real basis of vector fields obtained from the product of the real and imaginary
parts of (2.6) and a spherical harmonic on S2 with eigenvalue κ
(k)
1 of −S2 and by w(k)mn a real
basis for symmetric rank two tensors obtained from the product of real and imaginary parts of
(2.9) and a spherical harmonic on S2 with eigenvalue κ
(k)
1 of −S2 . Note that the eigenvalues
of AdS2 are already fixed for these modes; so we do not need to specify them. We shall choose
w
(k)
mn and v
(k)
m to be real. As before we shall drop the superscript (k) and consider the following
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deformations for each k:
A(1)m = E1vm + E˜1εmnvn, A(2)m = E2vm + E˜2εmnvn,
hmα =
1√
κ1
(
E3∂αvm + E˜3εmn∂αv
n + E4εαβ∂
βvm + E˜4εαβεmn∂
βvn
)
hmn =
a√
2
(
Dmξ̂n +Dnξ̂m − gmnDpξ̂p
)
, ξ̂m = E5vm + E˜5εmnv
n , (5.24)
and
hmn = E6wmn . (5.25)
Note that for κ1 = 0 the modes E3, E˜3, E4, E˜4 are absent; this will be taken care of in the
computation. These parameters describe a set of orthonormal deformations as long as the
vm and wmn are correctly normalized. Also orthonormality of the various modes on AdS2
guarantee that the modes given in (5.24), (5.25) do not mix with each other and the modes
analyzed earlier. Substituting the modes given in (5.24) into (4.2) we arrive at the following
contribution to the action from these modes
− 1
2
κ1
4∑
i=1
(E2i + E˜
2
i )−
1
2
(
κ1 + 2a
−2
)
(E25 + E˜
2
5)− a−1
√
2κ1 (iE1E˜3 − iE˜1E3 +E2E4 + E˜2E˜4) .
(5.26)
The ten eigenvalues of the kinetic operator are
κ1 + 2 a
−2, κ1 + 2 a
−2, κ1 ± a−1
√
2κ1, κ1 ± a−1
√
2κ1,
κ1 ± i a−1
√
2κ1, κ1 ± i a−1
√
2κ1 . (5.27)
Note that for κ1 = 2/a
2, ı.e. for l = 1 we have a pair of zero eigenvalues. Physically these
arise due to the fact that the dimensional reduction of the metric on S2 produces a massless
SU(2) gauge field on AdS2, and these, like the U(1) gauge fields, have zero modes on AdS2.
For κ1 = 0 the modes E3, E˜3, E4 and E˜4 are absent and we get six eigenvalues
0, 0, 0, 0, 2a−2, 2a−2 . (5.28)
Finally the modes described in (5.25) does not mix with anything and describes a mode with
eigenvalue κ1 of the kinetic operator, leading to a contribution
− 1
2
κ1 E
2
6 (5.29)
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to the action. Combining these results and recalling the coefficient of the contribution from
the discrete modes of AdS2 given in (3.24) (1/2πa
2 for the discrete mode of the vector12 and
3/2πa2 for the discrete mode of the symmetric rank two tensor) we get the net contribution
from the discrete modes to be:
1
8π2a4
[ ∞∑
l=1
e−s¯l(l+1) (2l + 1)
{
e−2s¯ + e−s¯
√
2l(l+1) + es¯
√
2l(l+1) + e−is¯
√
2l(l+1) + eis¯
√
2l(l+1) + 3
}
+2 + e−2s¯ + 3
]
=
1
8π2a4
[ ∞∑
l=0
e−s¯l(l+1) (2l + 1)
{
3 + e−2s¯ + e−s¯
√
2l(l+1) + es¯
√
2l(l+1) + e−is¯
√
2l(l+1) + eis¯
√
2l(l+1)
}
−2
]
. (5.30)
The 2 + e2s¯ in the second line represents the contribution to the heat kernel from the product
of the discrete modes of the vector field with l = 0 mode on S2 (ı.e. with eigenvalues given
in (5.28)) and the 3 represents the contribution from the modes of the metric given by the
product of l = 0 modes in S2 and wmn in AdS2.
We must also include in our list of bosonic fields in the gravity multiplet the ghosts which
arise during the gauge fixing of the six U(1) gauge groups and the diffeomorphism group. The
Lagrangian density for the ghost fields has been given in (4.13). In particular the kinetic term
has the form:
− ( bµ b(a) )
(−gµν−Rµν 0
2 F¯ aρν D
ρ −
)(
cν
c(a)
)
. (5.31)
Since this has a lower triangular form, the off diagonal term does not affect the eigenvalues.
Thus the scalar ghosts have the standard kinetic operator − and the twelve scalar ghosts
arising from U(1) gauge invariance gives a contribution −12Ks(0; s):
−12 1
8π2a4
e−s¯/4
∫ ∞
0
dλ λ tanh(πλ) e−s¯λ
2
[ ∞∑
l=0
(2l + 1) e−s¯l(l+1)
]
.
(5.32)
12In carrying out this computation we have to take into account the fact that we have chosen a real basis
in which vm and εmnv
n are independent vectors. This gives an extra factor of 12 , leading to a contribution of
1/4pia2 per mode from AdS2. For example the zero modes of a free gauge field which does not couple to the
background flux will be described by the modes E1 and E˜1 with action κ1(E
2
1 + E˜
2
1 ), and together they will
give a contribution of 1/2pia2 from the AdS2 part.
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The contribution from the vector ghosts bµ, cµ can be analyzed by decomposing them into
various modes as e.g. in (5.5) for κ1 > 0:
bα = A
1√
κ1
∂αu+B
1√
κ1
εαβ∂
βu,
bm = C
1√
κ2
∂mu+D
1√
κ2
εmn∂
nu,
cα = E
1√
κ1
∂αu+ F
1√
κ1
εαβ∂
βu,
cm = G
1√
κ2
∂mu+H
1√
κ2
εmn∂
nu . (5.33)
Substituting this into (5.31) we get the following action:
(κ1 + κ2 − 2a−2)(AE +BF ) + (κ1 + κ2 + 2a−2)(CG+DH) . (5.34)
This has four eigenvalues of magnitude (κ1 + κ2 − 2a−2) and four eigenvalues of magnitude
(κ1 + κ2 + 2a
−2). For κ1 = 0 ı.e. l = 0 the modes corresponding to A,B,E, F are missing and
we get the action to be
(κ2 + 2a
−2)(CG+DH) . (5.35)
This has four eigenvalues of magnitude (κ2 + 2a
−2). The net contribution to the trace of the
heat kernel from these modes is
− 1
8π2a4
e−s¯/4
∫ ∞
0
dλ λ tanh(πλ) e−s¯λ
2
[ ∞∑
l=1
(2l + 1) e−s¯l(l+1)
{
4e−2s¯ + 4e2s¯
}
+ 4e−2s¯
]
= − 1
8π2a4
e−s¯/4
∫ ∞
0
dλ λ tanh(πλ) e−s¯λ
2
[ ∞∑
l=0
(2l + 1) e−s¯l(l+1)
{
4e−2s¯ + 4e2s¯
}
− 4e2s¯
]
.
(5.36)
To this we must include the contribution from the additional modes obtained by taking the
product of the discrete modes for vector fields on AdS2 given in (2.6) and the eigenstates of the
scalar Laplacian on S2. These modes have eigenvalues κ1+2a
−2 and hence gives a contribution
to the heat kernel of the form:
− 1
4π2a4
∞∑
l=0
(2l + 1) e−s¯l(l+1)e−2s¯ . (5.37)
Adding (5.4), (5.23), (5.30), (5.32), (5.36) and (5.37) we get the following expression for the
total heat kernel from the bosonic sector and the scalar and vector ghost fields of the gravity
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multiplet:
KBgravity(0; s) =
1
8π2a4
e−s¯/4
∫ ∞
0
dλ λ tanh(πλ) e−s¯λ
2
[ ∞∑
l=0
(2l + 1) e−s¯l(l+1)
×
{
6− 2e2s¯ − 2e−2s¯
+eis¯
√
2λ2+2l(l+1)+ 1
2 + e−is¯
√
2λ2+2l(l+1)+ 1
2 + es¯
√
2λ2+2l(l+1)+ 1
2 + e−s¯
√
2λ2+2l(l+1)+ 1
2
+2 es¯
√
2l(l+1)−2λ2− 1
2 + 2 e−s¯
√
2l(l+1)−2λ2− 1
2 +
6∑
i=1
e−s¯fi(l,λ)
}
−
{
14− 2e2s¯ + 2eis¯
√
2λ2+ 1
2 + 2e−is¯
√
2λ2+ 1
2 + 2es¯
√
2λ2+ 1
2 + 2e−s¯
√
2λ2+ 1
2
}]
+
1
8π2a4
∞∑
l=0
(2l + 1) e−s¯l(l+1)
{
7− e−2s¯ + es¯
√
2l(l+1) + e−s¯
√
2l(l+1)
+eis¯
√
2l(l+1) + e−is¯
√
2l(l+1)
}
− 1
4π2a4
. (5.38)
Following the trick leading to (3.11) we can express this as13
KBgravity(0; s) =
1
8π2a4
e−s¯/4
∫ ∞
0
dλ λ tanh(πλ) e−s¯λ
2
[
es¯/4Im
∫ eiκ×∞
0
dλ˜ λ˜ tan(πλ˜) e−s¯λ˜
2
×2×
{
6− 2e2s¯ − 2e−2s¯
+eis¯
√
2λ2+2λ˜2 + e−is¯
√
2λ2+2λ˜2 + es¯
√
2λ2+2λ˜2 + e−s¯
√
2λ2+2λ˜2
+2 es¯
√
2λ˜2−2λ2−1 + 2 e−s¯
√
2λ˜2−2λ2−1 +
6∑
i=1
e−s¯fi(λ˜−
1
2
,λ)
}
−
{
14− 2e2s¯ + 2eis¯
√
2λ2+ 1
2 + 2e−is¯
√
2λ2+ 1
2 + 2es¯
√
2λ2+ 1
2 + 2e−s¯
√
2λ2+ 1
2
}]
+
1
8π2a4
es¯/4Im
∫ eiκ×∞
0
dλ˜ λ˜ tan(πλ˜) e−s¯λ˜
2
{
14− 2e−2s¯ + 2es¯
√
2λ˜2− 1
2 + 2e−s¯
√
2λ˜2− 1
2 + 2eis¯
√
2λ˜2− 1
2 + 2e−is¯
√
2λ˜2− 1
2
}
− 1
4π2a4
. (5.39)
Our goal is to extract the behavior of this expression in the region a−2 << s¯ << 1 since
the logarithmic correction to the entropy from the non-zero modes come from this domain.
13Note that although the individual terms in the sum have branch points on the real λ˜ axis, the sum of all
the terms inside each curly bracket is free from such branch point singularities.
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This is done using the same trick as in §3. First we expand all terms in (5.39) other than the
e−s¯λ
2
and e−s¯λ˜
2
factors in a power series expansion in s¯. The only additional subtlety in this
analysis comes from the fact that the eigenvalues fi(l, λ) are not given explicitly. However we
can use the expansion
6∑
i=1
e−s¯fi =
∞∑
n=0
1
n!
(−1)ns¯n
6∑
i=1
(fi)
n (5.40)
to reduce the problem to the computation of
∑6
i=1(fi)
n. Since fi/a
2’s are the eigenvalues of
the matrixM obtained by removing the diagonal κ1+κ2 terms from the matrix given in (5.14),∑6
i=1(fi)
n is given by a2nTr(Mn) which can be easily computed. In our analysis we need the
result for n ≤ 4. The results are∑
i
fi = 0,
∑
i
(fi)
2 = 4(2λ˜2 − 2λ2 + 1),
∑
i
(fi)
3 = 48(λ˜2 + λ2),∑
i
(fi)
4 = −28− 112λ2 + 80λ4 + 112λ˜2 + 96λ2λ˜2 + 80λ˜4 (5.41)
This allows us to express the right hand side of (5.39) in terms of products of factors of the
form ∫ ∞
0
dλ λ tanh(πλ) e−s¯λ
2
λ2n, and Im
∫ eiκ×∞
0
dλ˜ λ˜ tan(πλ˜) e−s¯λ˜
2
λ˜2n (5.42)
Using eqs.(3.16), (3.17) we can express the right hand side of (5.39) in a power series expansion
in s¯. We need to compute up to order s0 term in this expansion for computation of logarithmic
correction to the entropy. Collecting all the terms of order s0 we get
KBgravity(0; s) = −
13
90π2a4
+
2
3π2a4
+
2
3π2a4
− 1
4π2a4
+ · · · = 169
180π2a4
+ · · · , (5.43)
where · · · denote terms proportional to s¯−2 and s¯−1 as well as positive powers of s¯. In the
central expression in (5.43) the four terms represent respectively the contributions from the
terms inside the three curly brackets in (5.39) and the last term in (5.39).
Finally we need to remove from this the contribution due to the zero modes. To identify
the zero modes we can look for the s independent terms in the contribution to the heat kernel
from various discrete modes. These consist of the following:
1. The l = 0modes in the last term in (5.4), giving a contribution of 1/2π2a4 toK(0; s).’These
represent the zero modes of the four gauge fields A(a)m for 3 ≤ a ≤ 6.
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2. The third term inside { } in the first line of (5.30) for l = 1, giving a contribution
of 3/8π2a4. These represent the zero modes of the SU(2) gauge fields arising out of
dimensional reduction on S2.
3. The 2 and 3 in the second line of (5.30). The first one gives a contribution of 2/8π2a4
and represent the zero modes of the two gauge fields A(a)m for 1 ≤ a ≤ 2. The second one
gives a contribution of 3/8π2a4 and represent the zero modes of the metric associated
with the asymptotic symmetries of AdS2.
Thus the net contribution to KBgravity(0; s) from all the zero modes is given by
1
2π2a4
+
3
8π2a4
+
1
4π2a4
+
3
8π2a4
=
3
2π2a4
. (5.44)
Subtracting (5.44) from (5.43) we get the net contribution to the s independent part of
KBgravity(0; s) from the non-zero modes:
− 101
180π2a4
. (5.45)
6 Contribution from the half integer spin fields
Next we must analyze the fermionic contribution to the heat kernel. For this we express the
gravity multiplet part of fermionic action given in (4.3) as
Lf = −1
2
(
Λ¯K(1) + ψ¯αK(2)α + ψ¯
mK(3)m
)
, (6.1)
where
K(1) = ( 6DS2 + σ3 6DAdS2)Λ +
1
2
√
2 a
(σ3Γ̂
4 − iτ3Γ̂5)(Γβψβ − Γnψn) ,
K(2)α = −
1
2
√
2 a
Γα (σ3Γ̂
4 − iτ3Γ̂5) Λ− 1
2
Γn( 6DS2 + σ3 6DAdS2)Γαψn
−
(
1
2
Γβ ( 6DS2 + σ3 6DAdS2) Γα +
i
2a
σ3ε
β
α
(
σ3Γ̂
4 − iτ3Γ̂5
))
ψβ
K(3)m =
1
2
√
2 a
Γm (σ3Γ̂
4 − iτ3Γ̂5) Λ− 1
2
Γβ( 6DS2 + σ3 6DAdS2)Γmψβ
+
(
−1
2
Γn ( 6DS2 + σ3 6DAdS2) Γm +
i
2a
τ3ε
n
m
(
σ3Γ̂
4 − iτ3Γ̂5
))
ψn .
(6.2)
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Let us denote by D the differential opeartor such that (6.2) may be expressed asK(1)K(2)α
K
(3)
m
 = D
 Λψα
ψm
 . (6.3)
Our goal will be to calculate the eigenvalues of D (or more precisely D2) since these will appear
in the expression of the heat kernel. For this we follow the same strategy as in the bosonic
case, ı.e. instead of working in the infinite dimensional space of fermionic deformations, we
identify finite dimensional subspaces such that modes inside one subspace do not mix with the
modes outside this subspace under the action of D. Let us pick one particular basis state χ
for the spinor, given by the direct product of (χ+lm or η
+
lm) with (χ
+(λ) or η+(λ)) defined in
(2.16), (2.20), and an arbitrary spinor in the representation of the Clifford algebra generated
by Γ̂4, · · · Γ̂9 carrying Γ̂45 eigenvalue i. Then χ satisfies
Γ̂45χ = iχ, 6DS2χ = iζ1 χ, 6DAdS2χ = iζ2 χ, ζ1 > 0, ζ2 ≥ 0 . (6.4)
From this we can derive the identities:
εαβD
βχ = −iσ3Dαχ− ζ1σ3Γαχ , εmnDnχ = −iτ3Dmχ− ζ2τ3σ3Γmχ . (6.5)
The set of states χ constructed this way do not form a complete set of basis states since we
have left out the states with ζ1 < 0 and/or ζ2 < 0 and those with Γ̂
45 eigenvalue −i. We
shall overcome the first two problems by including in the basis the states σ3χ, τ3Γ̂
4Γ̂5χ = iτ3χ
and σ3τ3Γ̂
4Γ̂5χ = iσ3τ3χ. Since χ and σ3χ have opposite 6DS2 eigenvalues and χ and τ3χ have
opposite 6DAdS2 eigenvalues, this amounts to including in the basis states with ζ1 < 0 and/or
ζ2 < 0. To overcome the last problem we add four more states in the basis obtained by acting
Γ̂4 on the states already included. We now consider the subspace consisting of the following
fermionic deformations:
Λ = a1χ+ a2σ3Γ̂
4χ+ a3τ3Γ̂
5χ+ a4σ3τ3Γ̂
4Γ̂5χ
+σ3
[
a′1χ + a
′
2σ3Γ̂
4χ + a′3τ3Γ̂
5χ+ a′4σ3τ3Γ̂
4Γ̂5χ
]
,
ψα = b1Γαχ+ b2σ3Γ̂
4Γαχ + b3τ3Γ̂
5Γαχ + b4σ3τ3Γ̂
4Γ̂5Γαχ
+b5Dαχ+ b6σ3Γ̂
4Dαχ + b7τ3Γ̂
5Dαχ + b8σ3τ3Γ̂
4Γ̂5Dαχ
+σ3
[
b′1Γαχ + b
′
2σ3Γ̂
4Γαχ + b
′
3τ3Γ̂
5Γαχ+ b
′
4σ3τ3Γ̂
4Γ̂5Γαχ
+b′5Dαχ+ b
′
6σ3Γ̂
4Dαχ + b
′
7τ3Γ̂
5Dαχ + b
′
8σ3τ3Γ̂
4Γ̂5Dαχ
]
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ψm = c1Γmχ+ c2σ3Γ̂
4Γmχ+ c3τ3Γ̂
5Γmχ+ c4σ3τ3Γ̂
4Γ̂5Γmχ
+c5σ3Dmχ+ c6Γ̂
4Dmχ+ c7σ3τ3Γ̂
5Dmχ+ c8τ3Γ̂
4Γ̂5Dmχ
+σ3
[
c′1Γmχ+ c
′
2σ3Γ̂
4Γmχ + c
′
3τ3Γ̂
5Γmχ+ c
′
4σ3τ3Γ̂
4Γ̂5Γmχ
+c′5σ3Dmχ+ c
′
6Γ̂
4Dmχ+ c
′
7τ3σ3Γ̂
5Dmχ+ c
′
8τ3Γ̂
4Γ̂5Dmχ
]
(6.6)
where ai’s, bi’s, ci’s, a
′
i’s, b
′
i’s and c
′
i’s are arbitrary grassman variables and χ is a fixed spinor
satisfying (6.4). We shall see that the action of D keeps us inside this subspace.
Before we proceed some comments are in order. First note that the basis states used in
(6.6) are not orthonormal. As we shall discuss shortly, this will not affect our analysis. Second,
due to the relation (2.27) the basis states used in the expansion (6.6) are not all independent
for ζ1 = 1/a. For this reason we shall for now consider the case ζ1 > 1/a. The ζ1 = 1/a
case will be analyzed separately. Finally there are additional set of states associated with the
discrete modes described in (2.28), – these will also be discussed separately.
Using (6.2), (6.6) and (6.5) we can express K(1), K(2) and K(3) in the form
K(1) = A1χ + A2σ3Γ̂
4χ+ A3τ3Γ̂
5χ+ A4σ3τ3Γ̂
4Γ̂5χ
+σ3
[
A′1χ+ A
′
2σ3Γ̂
4χ+ A′3τ3Γ̂
5χ+ A′4σ3τ3Γ̂
4Γ̂5χ
]
,
K(2)α = B1Γαχ+B2σ3Γ̂
4Γαχ +B3τ3Γ̂
5Γαχ+B4σ3τ3Γ̂
4Γ̂5Γαχ
+B5Dαχ+B6σ3Γ̂
4Dαχ +B7τ3Γ̂
5Dαχ+B8σ3τ3Γ̂
4Γ̂5Dαχ
+σ3
[
B′1Γαχ+B
′
2σ3Γ̂
4Γαχ+B
′
3τ3Γ̂
5Γαχ+B
′
4σ3τ3Γ̂
4Γ̂5Γαχ
+B′5Dαχ+B
′
6σ3Γ̂
4Dαχ +B
′
7τ3Γ̂
5Dαχ+B
′
8σ3τ3Γ̂
4Γ̂5Dαχ
]
K(3)m = C1Γmχ+ C2σ3Γ̂
4Γmχ+ C3τ3Γ̂
5Γmχ+ C4σ3τ3Γ̂
4Γ̂5Γmχ
+C5σ3Dmχ+ C6Γ̂
4Dmχ + C7σ3τ3Γ̂
5Dmχ+ C8τ3Γ̂
4Γ̂5Dmχ
+σ3
[
C ′1Γmχ + C
′
2σ3Γ̂
4Γmχ+ C
′
3τ3Γ̂
5Γmχ+ C
′
4σ3τ3Γ̂
4Γ̂5Γmχ
+C ′5σ3Dmχ + C
′
6Γ̂
4Dmχ+ C
′
7τ3σ3Γ̂
5Dmχ+ C
′
8τ3Γ̂
4Γ̂5Dmχ
]
(6.7)
where14
A1 = iζ1a1 − b2√
2a
− ib3√
2a
− iζ1b6
2
√
2a
+
ζ1b7
2
√
2a
− c2√
2a
− ic3√
2a
− iζ2c6
2
√
2a
+
ζ2c7
2
√
2a
+ iζ2a
′
1
14These relations were derived without using the fact that χ has Γ˜45 eigenvalue i or that ζ1 and ζ2 are
positive.
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A2 = −iζ1a2 + b1√
2a
− ib4√
2a
+
iζ1b5
2
√
2a
+
ζ1b8
2
√
2a
− c1√
2a
+
ic4√
2a
− iζ2c5
2
√
2a
− ζ2c8
2
√
2a
+ iζ2a
′
2
A3 = iζ1a3 − ib1√
2a
− b4√
2a
+
ζ1b5
2
√
2a
− iζ1b8
2
√
2a
+
ic1√
2a
+
c4√
2a
− ζ2c5
2
√
2a
+
iζ2c8
2
√
2a
− iζ2a′3
A4 = −iζ1a4 − ib2√
2a
+
b3√
2a
+
ζ1b6
2
√
2a
+
iζ1b7
2
√
2a
− ic2√
2a
+
c3√
2a
+
ζ2c6
2
√
2a
+
iζ2c7
2
√
2a
− iζ2a′4
A′1 = iζ2a1 − iζ1a′1 +
b′2√
2a
+
ib′3√
2a
+
iζ1b
′
6
2
√
2a
− ζ1b
′
7
2
√
2a
− c
′
2√
2a
− ic
′
3√
2a
− iζ2c
′
6
2
√
2a
+
ζ2c
′
7
2
√
2a
A′2 = iζ2a2 + iζ1a
′
2 −
b′1√
2a
+
ib′4√
2a
− iζ1b
′
5
2
√
2a
− ζ1b
′
8
2
√
2a
− c
′
1√
2a
+
ic′4√
2a
− iζ2c
′
5
2
√
2a
− ζ2c
′
8
2
√
2a
A′3 = −iζ2a3 − iζ1a′3 +
ib′1√
2a
+
b′4√
2a
− ζ1b
′
5
2
√
2a
+
iζ1b
′
8
2
√
2a
+
ic′1√
2a
+
c′4√
2a
− ζ2c
′
5
2
√
2a
+
iζ2c
′
8
2
√
2a
A′4 = −iζ2a4 + iζ1a′4 +
ib′2√
2a
− b
′
3√
2a
− ζ1b
′
6
2
√
2a
− iζ1b
′
7
2
√
2a
− ic
′
2√
2a
+
c′3√
2a
+
ζ2c
′
6
2
√
2a
+
iζ2c
′
7
2
√
2a
B1 = − a2
2
√
2a
+
ia3
2
√
2a
−iζ1b1 + 1
2a
b2 − i
2a
b3 +
(
ζ˜21 −
1
2
ζ21 +K
)
b5 +
iζ1
2a
b6 +
ζ1
2a
b7 +
1
2
ζ1ζ2b
′
5
+iζ1c1 − 1
2
ζ1ζ2c5 +
(
ζ˜22 −
1
2
ζ22
)
c′5
B2 =
a1
2
√
2a
+
ia4
2
√
2a
+
1
2a
b1 + iζ1b2 +
i
2a
b4 +
iζ1
2a
b5 −
(
ζ˜21 −
1
2
ζ21 +K
)
b6 − ζ1
2a
b8 +
1
2
ζ1ζ2b
′
6
+iζ1c2 − 1
2
ζ1ζ2c6 +
(
1
2
ζ22 − ζ˜22
)
c′6
B3 =
ia1
2
√
2a
− a4
2
√
2a
− i
2a
b1 − iζ1b3 + 1
2a
b4 +
ζ1
2a
b5 +
(
ζ˜21 −
1
2
ζ21 +K
)
b7 +
iζ1
2a
b8 − 1
2
ζ1ζ2b
′
7
−iζ1c3 + 1
2
ζ1ζ2c7 +
(
ζ˜22 −
1
2
ζ22
)
c′7
B4 =
ia2
2
√
2a
+
a3
2
√
2a
+
i
2a
b2 +
1
2a
b3 + iζ1b4 − ζ1
2a
b6 +
iζ1
2a
b7 −
(
ζ˜21 −
1
2
ζ21 +K
)
b8 − 1
2
ζ1ζ2b
′
8
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−iζ1c4 + 1
2
ζ1ζ2c8 +
(
1
2
ζ22 − ζ˜22
)
c′8
B5 = − 1
2a
b6 +
i
2a
b7 + iζ2b
′
5 − 2c1 − iζ2c5
B6 = − 1
2a
b5 − i
2a
b8 + iζ2b
′
6 − 2c2 − iζ2c6
B7 =
i
2a
b5 − 1
2a
b8 − iζ2b′7 + 2c3 + iζ2c7
B8 = − i
2a
b6 − 1
2a
b7 − iζ2b′8 + 2c4 + iζ2c8
B′1 =
a′2
2
√
2a
− ia
′
3
2
√
2a
+
1
2
ζ1ζ2b5 + iζ1b
′
1 +
1
2a
b′2 −
i
2a
b′3 −
(
ζ˜21 −
1
2
ζ21 +K
)
b′5 +
iζ1
2a
b′6 +
ζ1
2a
b′7
+
(
1
2
ζ22 − ζ˜22
)
c5 + iζ1c
′
1 −
1
2
ζ1ζ2c
′
5
B′2 = −
a′1
2
√
2a
− ia
′
4
2
√
2a
+
1
2
ζ1ζ2b6 +
1
2a
b′1 − iζ1b′2 +
i
2a
b′4 +
iζ1
2a
b′5 +
(
ζ˜21 −
1
2
ζ21 +K
)
b′6 −
ζ1
2a
b′8
+
(
ζ˜22 −
1
2
ζ22
)
c6 + iζ1c
′
2 −
1
2
ζ1ζ2c
′
6
B′3 = −
ia′1
2
√
2a
+
a′4
2
√
2a
−1
2
ζ1ζ2b7 − i
2a
b′1 + iζ1b
′
3 +
1
2a
b′4 +
ζ1
2a
b′5 −
(
ζ˜21 −
1
2
ζ21 +K
)
b′7 +
iζ1
2a
b′8
+
(
1
2
ζ22 − ζ˜22
)
c7 − iζ1c′3 +
1
2
ζ1ζ2c
′
7
B′4 = −
ia′2
2
√
2a
− a
′
3
2
√
2a
−1
2
ζ1ζ2b8 +
i
2a
b′2 +
1
2a
b′3 − iζ1b′4 −
ζ1
2a
b′6 +
iζ1
2a
b′7 +
(
ζ˜21 −
1
2
ζ21 +K
)
b′8
+
(
ζ˜22 −
1
2
ζ22
)
c8 − iζ1c′4 +
1
2
ζ1ζ2c
′
8
B′5 = iζ2b5 −
1
2a
b′6 +
i
2a
b′7 − 2c′1 − iζ2c′5
B′6 = iζ2b6 −
1
2a
b′5 −
i
2a
b′8 − 2c′2 − iζ2c′6
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B′7 = −iζ2b7 −
1
2a
b′8 +
i
2a
b′5 + 2c
′
3 + iζ2c
′
7
B′8 = −iζ2b8 −
1
2a
b′7 −
i
2a
b′6 + 2c
′
4 + iζ2c
′
8
C1 =
a2
2
√
2a
− ia3
2
√
2a
+
(
ζ˜21 −
1
2
ζ21
)
b5 − iζ2b′1 +
1
2
ζ1ζ2b
′
5
− 1
2a
c2 +
i
2a
c3 − 1
2
ζ1ζ2c5 − iζ2
2a
c6 − ζ2
2a
c7 − iζ2c′1 +
(
ζ˜22 −
1
2
ζ22 + L
)
c′5
C2 =
a1
2
√
2a
+
ia4
2
√
2a
+
(
ζ˜21 −
1
2
ζ21
)
b6 + iζ2b
′
2 −
1
2
ζ1ζ2b
′
6
− 1
2a
c1 − i
2a
c4 − iζ2
2a
c5 +
1
2
ζ1ζ2c6 +
ζ2
2a
c8 − iζ2c′2 +
(
ζ˜22 −
1
2
ζ22 + L
)
c′6
C3 =
ia1
2
√
2a
− a4
2
√
2a
−
(
ζ˜21 −
1
2
ζ21
)
b7 − iζ2b′3 +
1
2
ζ1ζ2b
′
7
+
i
2a
c1 − 1
2a
c4 − ζ2
2a
c5 − 1
2
ζ1ζ2c7 − iζ2
2a
c8 + iζ2c
′
3 −
(
ζ˜22 −
1
2
ζ22 + L
)
c′7
C4 = − ia2
2
√
2a
− a3
2
√
2a
−
(
ζ˜21 −
1
2
ζ21
)
b8 + iζ2b
′
4 −
1
2
ζ1ζ2b
′
8
− i
2a
c2 − 1
2a
c3 +
ζ2
2a
c6 − iζ2
2a
c7 +
1
2
ζ1ζ2c8 + iζ2c
′
4 −
(
ζ˜22 −
1
2
ζ22 + L
)
c′8
C5 = 2b
′
1 + iζ1b
′
5 − iζ1c5 +
1
2a
c6 − i
2a
c7
C6 = −2b′2 − iζ1b′6 +
1
2a
c5 + iζ1c6 +
i
2a
c8
C7 = 2b
′
3 + iζ1b
′
7 −
i
2a
c5 − iζ1c7 + 1
2a
c8
C8 = −2b′4 − iζ1b′8 +
i
2a
c6 +
1
2a
c7 + iζ1c8
C ′1 =
a′2
2
√
2a
− ia
′
3
2
√
2a
+ iζ2b1 − 1
2
ζ1ζ2b5 +
(
ζ˜21 −
1
2
ζ21
)
b′5
−iζ2c1 +
(
ζ˜22 −
1
2
ζ22 + L
)
c5 − 1
2a
c′2 +
i
2a
c′3 +
1
2
ζ1ζ2c
′
5 −
iζ2
2a
c′6 −
ζ2
2a
c′7
C ′2 =
a′1
2
√
2a
+
ia′4
2
√
2a
− iζ2b2 + 1
2
ζ1ζ2b6 +
(
ζ˜21 −
1
2
ζ21
)
b′6
−iζ2c2 +
(
ζ˜22 −
1
2
ζ22 + L
)
c6 − 1
2a
c′1 −
i
2a
c′4 −
iζ2
2a
c′5 −
1
2
ζ1ζ2c
′
6 +
ζ2
2a
c′8
C ′3 =
ia′1
2
√
2a
− a
′
4
2
√
2a
+ iζ2b3 − 1
2
ζ1ζ2b7 −
(
ζ˜21 −
1
2
ζ21
)
b′7
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+iζ2c3 −
(
ζ˜22 −
1
2
ζ22 + L
)
c7 +
i
2a
c′1 −
1
2a
c′4 −
ζ2
2a
c′5 +
1
2
ζ1ζ2c
′
7 −
iζ2
2a
c′8
C ′4 = −
ia′2
2
√
2a
− a
′
3
2
√
2a
− iζ2b4 + 1
2
ζ1ζ2b8 −
(
ζ˜21 −
1
2
ζ21
)
b′8
+iζ2c4 −
(
ζ˜22 −
1
2
ζ22 + L
)
c8 − i
2a
c′2 −
1
2a
c′3 +
ζ2
2a
c′6 −
iζ2
2a
c′7 −
1
2
ζ1ζ2c
′
8
C ′5 = −2b1 − iζ1b5 + iζ1c′5 +
1
2a
c′6 −
i
2a
c′7
C ′6 = 2b2 + iζ1b6 +
1
2a
c′5 − iζ1c′6 +
i
2a
c′8
C ′7 = −2b3 − iζ1b7 −
i
2a
c′5 + iζ1c
′
7 +
1
2a
c′8
C ′8 = 2b4 + iζ1b8 +
i
2a
c′6 +
1
2a
c′7 − iζ1c′8 (6.8)
where
ζ˜21 = ζ
2
1 −
1
2a2
, ζ˜22 = ζ
2
2 +
1
2a2
, K =
1
2a2
, L = − 1
2a2
, (6.9)
and we have used
−DαDαχ = ζ˜21χ, −DmDmχ = ζ˜22χ, Γβ[Dβ, Dα]χ = K Γαχ, Γm[Dm, Dn]χ = LΓnχ .
(6.10)
We can express (6.8) as 
~A
~B
~C
~A′
~B′
~C ′
 =M

~a
~b
~c
~a′
~b′
~c′
 , (6.11)
where M is a 40 × 40 matrix. The eigenvalues of M2 will determine the heat kernel in the
fermionic sector of the gravity multiplet.
Let us now discuss the possible complication that could arise due to the fact that we have
chosen to expand the various fields in a non-orthonormal set of basis functions. If we did use an
orthonormal basis then the resulting matrix M will be related to the one appearing in (6.11)
by a similarity transformation. This however will not affect the eigenvalues of M2. Since our
final result will be expressed in terms of the eigenvalues ofM2, the non-orthonormality of our
basis vectors will not affect the result.
To proceed we introduce a matrix M1 through
M2 = −(ζ21 + ζ22)I40 + a−2M1 , (6.12)
40
where I40 denotes the 40× 40 identity matrix. It is easy to see that in the limit of large ζ1, ζ2
the dominant contribution to the eigenvalues come from the first term. Let us denote by βk
for 1 ≤ k ≤ 40 the 40 eigenvalues of the matrix M1, and introduce variables λ and l through:
ζ1 = (l + 1)/a, ζ2 = λ/a (6.13)
Then the contribution to the heat kernel from the fermionic modes for ζ1 > 1/a, ζ2 ≥ 0 will
be given by
Kf(1)(0; s) = −
1
8π2a4
∞∑
l=1
(2l + 2)
∫ ∞
0
dλλ coth(πλ)e−s¯(l+1)
2−s¯λ2
40∑
k=1
es¯βk . (6.14)
The overall minus sign reflects the fact that we are dealing with fermions. The normalization
factor is fixed by noting that since the four gravitinoes represented by the sixteen component
field ψµ for 0 ≤ µ ≤ 3 give effectively 4 × 4 = 16 Majorana fermions, and the dilatino,
represented by the sixteen component field Λ, gives 4 Majorana fermions in four dimensions,
we have in total 20 Majorana or 10 Dirac fermions in four dimensions. Thus the heat kernel
should agree with that of 10 free Dirac fermions in the limit of small s¯ when the effect of
background flux can be ignored, ı.e. s¯βk can be set equal to 0. Comparing (6.14) with (3.25)
we see that we indeed have the equivalent of ten Dirac fermions.
The contribution from the ζ1 = 1/a, ı.e. l = 0 term has to be evaluated separately. For
this the basis states used in the (6.6) are not independent, since we have Dαχ =
i
2a
Γαχ.
Using this we can choose the coefficients b5, · · · b8 and b′5, · · · b′8 to zero in (6.6). Furthermore
in eqs.(6.7) we can make the replacement Dαχ → i2aΓαχ, which amounts to replacing in
(6.8) the expressions for Bk by that of Bk +
i
2a
Bk+4 and of B
′
k by that of B
′
k +
i
2a
B′k+4 for
1 ≤ k ≤ 4 and then drop the expressions for Bk+4 and B′k+4 for 1 ≤ k ≤ 4. This gives
a 32 × 32 matrix M˜ relating (A1, · · ·A4, A′1, · · ·A′4, B1, · · ·B4, B′1, · · ·B′4, C1, · · ·C8, C ′1, · · ·C ′8)
to (a1, · · · a4, a′1, · · ·a′4, b1, · · · b4, b′1, · · · b′4, c1, · · · c8, c′1, · · · c′8). Let us now define a matrix M˜1
through
M˜2 = −(a−2 + ζ22)I32 + a−2M˜1 , (6.15)
where I32 denotes the 32 × 32 identity matrix. If β˜k’s are the eigenvalues of M˜1 then the
contribution from the l = 0 modes to the heat kernel may be expressed as
Kf(2)(0; s) = −
1
4π2a4
∫ ∞
0
dλλ coth(πλ)e−s¯−s¯λ
2
32∑
k=1
es¯β˜k . (6.16)
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We can combine (6.14) and (6.16) to write
Kf(1)(0; s) +K
f
(2)(0; s) = K˜
f
(1)(0; s) + K˜
f
(2)(0; s) , (6.17)
where
K˜f(1)(0; s) = −
1
8π2a4
∞∑
l=0
(2l + 2)
∫ ∞
0
dλλ coth(πλ)e−s¯(l+1)
2−s¯λ2
40∑
k=1
es¯βk
= − 1
4π2a4
Im
∫ eiκ×∞
0
dλ˜ λ˜ cot(πλ˜)
∫ ∞
0
dλλ coth(πλ)e−s¯λ˜
2−s¯λ2
40∑
k=1
es¯βk|l+1→λ˜
(6.18)
K˜f(2)(0; s) = −
1
4π2a4
∫ ∞
0
dλλ coth(πλ)e−s¯−s¯λ
2
[
32∑
k=1
es¯β˜k −
40∑
k=1
es¯βk|l=0
]
. (6.19)
In the second step in (6.18) we have used a trick similar to that described in (3.11), (3.12) to
convert the sum over l to integral of λ˜.
We also need to compute the contribution due to the discrete modes described in (2.28). For
this we set the fields Λ and ψα to 0, and expand ψm as in (6.6) with ck+4 = 2cka, c
′
k+4 = 2c
′
ka
for 1 ≤ k ≤ 4, with ζ2 = i/a, ζ1 ≥ 1/a, ı.e. l ≥ 0.15 It can be seen that with this choice Ai,
A′i, Bi, B
′
i computed from (6.8) vanish and we have Ck+4 = 2Cka, C
′
k+4 = 2C
′
ka for 1 ≤ k ≤ 4.
Thus we can express these relations as
C1
C2
C3
C4
C ′1
C ′2
C ′3
C ′4

= M̂

c1
c2
c3
c4
c′1
c′2
c′3
c′4

, (6.20)
for some 8× 8 matrix M̂. If β̂k denote the eigenvalues of
M̂1 ≡ a2{M̂2 + (ζ21 − a−2)I8} , (6.21)
15This basis is still overcomplete since, as discussed in (2.29), the action of τ3 on the basis states is fixed once
we choose χ to be χ+k (i) or η
+
k (i). Thus we could work with either the Ci’s or the C
′
i’s. But we shall proceed
by including both sets and include a factor of 1/2 in the expression for the heat kernel.
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then the contribution to K(0; s) from these modes is given by
Kf(3)(0; s) = −
1
8π2a4
∞∑
l=0
(2l + 2)es¯−s¯(l+1)
2
8∑
k=1
es¯β̂k
= − 1
4π2a4
Im
∫ eiκ×∞
0
dλ˜ λ˜ cot(πλ˜) es¯−s¯λ˜
2
8∑
k=1
es¯β̂k|l+1→λ˜ . (6.22)
Finally the three sets of bosonic ghosts b˜, c˜ and e˜ associated with gauge fixing of local
supersymmetry, each of which gives rise to four Majorana fermions in four dimensions, con-
tributes
Kfghost =
3
π2a4
∞∑
l=0
(2l + 2)
∫ ∞
0
dλλ coth(πλ)e−s¯(l+1)
2−s¯λ2
=
6
π2a4
Im
∫ eiκ×∞
0
dλ˜ λ˜ cot(πλ˜)
∫ ∞
0
dλλ coth(πλ)e−s¯λ˜
2−s¯λ2 , (6.23)
to K(0; s).
To evaluate the right hand sides of (6.18), (6.19), and (6.22) we use the relations∑
k
es¯βk =
∞∑
n=0
1
n!
s¯n
∑
k
βnk =
∞∑
n=0
1
n!
s¯nTr(Mn1) , (6.24)
∑
k
es¯β˜k =
∞∑
n=0
1
n!
s¯n
∑
k
β˜nk =
∞∑
n=0
1
n!
s¯nTr(M˜n1) . (6.25)
and ∑
k
es¯β̂k =
∞∑
n=0
1
n!
s¯n
∑
k
β̂nk =
∞∑
n=0
1
n!
s¯nTr(M̂n1) , (6.26)
Explicit computation gives
Tr(M1) = 0
Tr(M21) = 64 + 16(l + 1)2 − 16λ2
Tr(M31) = −144(l + 1)2 − 144λ2
Tr(M41) = 256 + 192(l + 1)2 + 80(l + 1)4 − 192λ2 + 32(l + 1)2λ2 + 80λ4 . (6.27)
Tr(M˜1) = −8
Tr(M˜21) = 72− 8λ2
Tr(M˜31) = −152− 120λ2
Tr(M˜41) = 520− 112λ2 + 72λ4 . (6.28)
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Tr(M̂1) = −8
Tr(M̂21) = 8 + 8(l + 1)2
Tr(M̂31) = −8 − 24(l + 1)2
Tr(M̂41) = 8 + 48(l + 1)2 + 8(l + 1)4 . (6.29)
Furthermore we also have the analogs of eqs.(3.16) and (3.17):∫ ∞
0
dλ λ coth(πλ) e−s¯λ
2
λ2n
=
1
2
s¯−1−nΓ(1 + n) + 2
∞∑
m=0
s¯m
(2m+ 2n+ 1)!
m!
(2π)−2(m+n+1) (−1)m
ζ(2(m+ n+ 1)) . (6.30)
Im
∫ eiκ×∞
0
dλ˜ λ˜ cot(πλ˜) e−s¯λ˜
2
λ˜2n
=
1
2
s¯−1−nΓ(1 + n) + 2
∞∑
m=0
s¯m
(2m+ 2n+ 1)!
m!
(2π)−2(m+n+1)(−1)n+1
ζ(2(m+ n+ 1)) . (6.31)
Using these relations we get the following order s0 contributions to various terms when ex-
panded in a power series in s around s = 0:
K˜f(1)(0; s) :
5
72π2a4
K˜f(2)(0; s) : −
1
3π2a4
Kf(3)(0; s) : −
1
3π2a4
Kfghost(0; s) : −
11
120π2a4
. (6.32)
Adding up all the contributions we get the net contribution to K(0; s) from the fermionic fields
in the gravity multiplet:
Kf(0; s) = − 31
45π2a4
. (6.33)
We now need to remove from this the zero mode contribution. Analysis of the zero modes in
the fermionic sector requires special care. Among the l = 0 modes in the first line of (6.22) we
have four vanishing β̂k giving a net contribution of −1/π2a4. Thus naively we must remove this
contribution from K(0; s). However a detailed analysis shows that although the matrix M̂2
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describing the square of the fermionic kinetic term has four eigenvectors with zero eigenvalues,
the matrix M̂ has only a pair of eigenvectors with zero eigenvalues. These eigenvectors are
ψ(1)m = (i− σ3Γ̂4 − iτ3Γ̂5 + σ3τ3Γ̂4Γ̂5)(a−1Γm + 2σ3Dm)χ ,
ψ(2)m = σ3(i+ σ3Γ̂
4 + iτ3Γ̂
5 + σ3τ3Γ̂
4Γ̂5)(a−1Γm + 2σ3Dm)χ . (6.34)
The other two eigenvectors of M̂2 which are not zero modes of M̂ are
ξ(1)m = (i+ σ3Γ̂
4 − iτ3Γ̂5 − σ3τ3Γ̂4Γ̂5)(a−1Γm + 2σ3Dm)χ ,
ξ(2)m = σ3(i− σ3Γ̂4 + iτ3Γ̂5 − σ3τ3Γ̂4Γ̂5)(a−1Γm + 2σ3Dm)χ . (6.35)
The action of M̂ on these modes are given by
M̂ ξ(1)m = −2 i a−1 ψ(1)m , M̂ ξ(2)m = 2 i a−1 ψ(2)m , M̂ψ(1)m = 0, M̂ψ(2)m = 0 . (6.36)
From this we conclude that the contribution of only two of the four zero modes of M̂2 will
have to be removed from the contribution to K(0; s). This amounts to removing a factor of
−1/2π2a4 from K(0; s). Subtracting this from (6.33) we get the net contribution to K(0; s)
from the non-zero modes of the gravity multiplet fermions:
− 17
90π2a4
. (6.37)
For later use it will be useful to find the physical interpretation of these zero modes. First
we note that the zero modes satisfy the chirality projection condition:
σ3τ3Γ̂
4Γ̂5ψ(k)m = iψ
(k)
m , σ3τ3Γ̂
4Γ̂5ξ(k)m = −iξ(k)m , for k = 1, 2 . (6.38)
Choosing χ = χ+k (i) in (6.34) and using (2.29) and the fact that χ has been chosen to satisfy
Γ̂45χ = iχ, we get
ψ(1)m = (i− σ3Γ̂4 − Γ̂4 − iσ3)(Γm + 2σ3Dm)χ ,
ψ(2)m = σ3(i+ σ3Γ̂
4 + Γ̂4 − iσ3)(Γm + 2σ3Dm)χ . (6.39)
Thus we have ψ
(1)
m = −ψ(2)m , ı.e. they are not independent. A similar analysis for χ = η+k (i)
will give ψ
(1)
m = ψ
(2)
m again showing that they are not independent. This allows us to keep only
one of these modes, – we shall take it to be ψ(1) − iψ(2) in both cases. Now one can show that
ψ(1)µ − iψ(2)µ = Dµǫ+
1√
2
Γσ
(
F¯ (1)µσ Γ
4 + F¯ (2)µσ Γ
5
)
ǫ ,
ǫ ≡ 2(i− σ3Γ̂4 − iτ3Γ̂5 + σ3τ3Γ̂4Γ̂5 + σ3 − iΓ̂4 + σ3τ3Γ̂5 − iτ3Γ̂4Γ̂5)σ3χ ,
Γρσ
(
F¯ (1)ρσ Γ
4 + F¯ (2)ρσ Γ
5
)
ǫ = 0 (6.40)
45
Comparing this with the supersymmetry transformations laws for the gravitino and the dilatino
in the convention of [46]
δψµ = Dµǫ+
1
4
√
2
(
4δρµΓ
σ − ΓµΓρσ
) (
F¯ (1)ρσ Γ
4 + F¯ (2)ρσ Γ
5
)
ǫ+ · · ·
δΛ = −1
4
Γρσ
(
F¯ (1)ρσ Γ
4 + F¯ (2)ρσ Γ
5
)
ǫ (6.41)
where ǫ is the supersymmetry transformation parameter and · · · denotes terms which vanish
in the near horizon background geometry, we see that ψ
(1)
µ − iψ(2)µ is associated with a super-
symmetry transformation generated by the parameter ǫ. However since ǫ is obtained by the
action of Γ matrices on χ+(i) or η+(i), it is not normalizable.
7 Zero mode contribution
Adding (5.45) and (6.37) we get the net s-independent contribution to K(0; s) from all the
non-zero modes:
− 101
180π2a4
− 17
90π2a4
= − 3
4π2a4
. (7.1)
To this we must add the result of carrying out the zero mode integration. This was described
for the gauge fields in appendix A of [46]; we shall briefly review the argument since it can also
be generalized to integration over the zero modes of the metric and the gravitino fields.
Let Aµ be a vector field on AdS2×S2 and gµν be the background metric of the form a2 g(0)µν
where a is radius of curvature of S2 and AdS2 and g
(0)
µν is independent of a. The path integral
over Aµ is normalized such that∫
[DAµ] exp
[
−
∫
d4x
√
det g gµνAµAν
]
= 1 , (7.2)
ı.e. ∫
[DAµ] exp
[
−a2
∫
d4x
√
det g(0) g(0)µνAµAν
]
= 1 . (7.3)
From this we see that up to an a independent normalization constant, [DAµ] actually cor-
responds to integration with measure
∏
µ,x d(aAµ(x)). On the other hand the gauge field
zero modes are associated with deformations produced by the gauge transformations with
non-normalizable parameters: δAµ ∝ ∂µΛ(x) for some functions Λ(x) with a-independent in-
tegration range. Thus the result of integration over the gauge field zero modes can be found
by first changing the integration over the zero modes of (aAµ) to integration over Λ and then
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picking up the contribution from the Jacobian in this change of variables. This gives a factor
of a from integration over each zero mode of Aµ. Thus if there are N zero modes then we
shall get a factor of aN . Of course N is infinite, but it needs to be regularized by subtracting
from it a term proportional to the length of the boundary of AdS2. We shall now describe two
equivalent ways of computing N : one is a somewhat indirect but useful method and the other
is a more direct method, but involves a little bit of additional computation.
First let us describe the indirect method. For a non-zero mode, the path integral weighted
by the exponential of the action produces a factor of κ
−1/2
n where κn is the eigenvalue of
the kinetic operator. Since κn has the form bn/a
2 where bn is an a independent constant,
integration over a non-zero mode produces a factor proportional to a. Including the zero mode
contribution to K(0, s) is equivalent to counting the same factor of a from integration over
the zero modes as well. Thus when we remove from the determinant the contribution due
to the zero modes, we remove a factor of a for each zero mode. However the analysis of the
previous paragraph showed that integration over the zero modes gives us back a factor of a.
Thus the net effect of integrating over the gauge field zero modes is to cancel the effect of
the subtraction of the zero mode contribution from K(0; s). In other words the net effect of
integration over the six gauge field zero modes amounts to effecively adding a contribution of
6/8π2a4 to K(0; s).16 Using (3.26) we see that this corresponds to a contribution of −6 ln a in
the entropy, ı.e. − ln a for each gauge field.
Next we shall describe a direct method for evaluating the zero mode contribution from the
gauge fields which does not make any reference to the result on integration over the non-zero
modes. Let f
(ℓ)
m denote the normalized zero mode wave functions of gauge fields on AdS2 given
in (2.6). Then the total number of zero modes may be written as∑
ℓ∈zz,ℓ 6=0
∫
dθdη
√
det gAdS2 g
mn
AdS2f
(ℓ)∗
m f
(ℓ)
n , (7.4)
where gAdS2 is the metric on AdS2. We now use the fact that
∑
ℓ g
mn
AdS2
f
(ℓ)∗
m f
(ℓ)
n must be
independent of the AdS2 coordinates (η, θ) since AdS2 is a homogeneous space. Thus we can
evaluate this at η = 0. In this case only ℓ = ±1 modes contribute, leading to the result
1/(2πa2). Integrating this over AdS2 with a cut-off η ≤ η0, we get the result
1
2πa2
2πa2 (cosh η0 − 1) . (7.5)
16Note that this is not the actual modification of the heat kernel, but represents the effective contribution to
be added to K(0; s) that reproduces, via (3.26), the net contribution to the one loop determinant due to the
zero modes.
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The term proportional to cosh η0 can be interpreted as a shift in the ground state energy. Thus
we are left with an effective contribution of −1. From this we conclude that for every gauge
field the integration over the zero modes gives a factor of a−1 to eSBH , ı.e. − ln a to the black
hole entropy.
The effect of integration over the zero modes of the fluctuations hµν of the metric (including
those of the SU(2) gauge fields arising from the dimensional reduction of the metric on S2)
can be found in a similar way, with (7.2), (7.3) replaced by∫
[Dhµν ] exp
[
−
∫
d4x
√
det g gµνgρσhµρhνσ
]
= 1 , (7.6)
ı.e. ∫
[Dhµν ] exp
[
−
∫
d4x
√
det g(0) g(0)µνg(0)ρσhµρhνσ
]
= 1 . (7.7)
Thus the correctly normalized integration measure, up to an a independent constant, is∏
x,(µν) dhµν(x). We now note that the zero modes are associated with diffeomorphisms with
non-normalizable parameters: hµν ∝ Dµξν +Dνξµ, with the diffeomorphism parameter ξµ(x)
having a independent integration range. Thus the a dependence of the integral over the metric
zero modes can be found by finding the Jacobian from the change of variables from hµν to
ξµ. Lowering of the index of ξµ gives a factor of a2, leading to a factor of a2 per zero mode.
On the other hand following the same logic as in the case of gauge fields we find that the
removal of the integration over the metric zero modes from the heat kernel removes a factor of
a per zero mode from the integrand. Thus the effect of integration over the metric zero modes
will be to add the double of the contribution that one removes. Since we had removed from
K(0; s) a contribution of 3/8π2a4 +3/8π2a4 = 6/8π2a4 (see eq.(5.44)) we need to add a factor
of 12/8π2a4.
Finally we turn to the fermion zero modes.17 The normalization of the zero modes is
determined from ∫
[Dψµ][Dψ¯µ] exp
[
−
∫
d4x
√
det g gµνψ¯µψν
]
= 1 , (7.8)
ı.e. ∫
[Dψµ][Dψ¯µ] exp
[
−a2
∫
d4x
√
det g(0) g(0)µνψ¯µψν
]
= 1 , (7.9)
17Naively integration over the fermion zero modes will make the integral vanish. However it was shown in [54]
using localization techniques that the zeroes due to the fermionic zero mode integrals cancel the infinities coming
from integration over the bosonic zero modes of the metric.
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indicating that aψµ and aψ¯µ are the correctly normalized integration variables. As discussed
in the previous section, the fermion zero modes are associated with the asymptotic supersym-
metry transformations, with the anti-commutator of a pair of supersymmetry transformations
generating a diffeomorphism with parameter ǫ¯Γµǫ. Since Γµ ∼ a−1, and since ǫ¯Γµǫ has a-
independent integration range, we see that the correctly normalized ǫ is ǫ0 = a
−1/2ǫ for which
the supersymmetry algebra generated by ǫ0 and ξ
µ does not involve any a dependence. Thus
integration over each ψµ zero mode is equivalent to integration over aψµ ∼ a3/2 ǫ0, producing
a factor of a−3/2. On the other hand a non-zero mode of the fermion will produce a factor of
a−1/2 after integration since the kinetic operator of the fermion is of order a−1. Thus removing
a fermion zero mode contribution from the heat kernel removes a factor of a−1/2 for each zero
mode. Thus the effect of integration over the fermion zero modes is to add back three times the
amount we remove from the heat kernel while removing the fermion zero mode contribution.
This gives a net contribution of −3/2π2a4 to the effective heat kernel.
Adding up the contribution from all the zero modes we see that the net effect of integration
over the zero modes is to effectively add a factor of
6
8π2a4
+
12
8π2a4
− 3
2π2a4
=
3
4π2a4
, (7.10)
to K(0; s). Note that the contribution from the graviton and the gravitino zero modes cancel
– the final result 3/4π2a4 is the contribution of the six gauge fields in the gravity multiplet.
Adding (7.10) to the contribution (7.1) due to the non-zero modes we get the net contri-
bution to the effective heat kernel to be
− 3
4π2a4
+
3
4π2a4
= 0 . (7.11)
This is perfectly consistent with the microscopic result (1.1).
8 N = 8 black holes
In this section we shall briefly describe the analysis of logarithmic corrections to the entropy of
1/8 BPS black holes in N = 8 supersymmetric string theories obtained by compactifying type
IIB string theory on T 6. For this we first note that there is a consistent truncation of N = 8
supergravity to N = 4 supergravity by projecting on to the (−1)FL even states in which we
set all the RR and R-NS sector fields to zero. Using this embedding of the N = 4 supergravity
into N = 8 supergravity, the quarter BPS black hole in N = 4 supergravity that we have
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already analyzed can now be regarded as the 1/8 BPS black hole in the N = 8 supergravity.
Since the projection on to the N = 4 supergravity is a consistent truncation it is guaranteed
that at the quadratic level, the fluctuations of the additional fields in the (−1)FL odd sector
does not mix with the fluctuations of the fields in the (−1)FL even sector. Thus the one loop
effective action of full N = 8 supergravity receives the contribution already computed for the
N = 4 black holes plus an additional contribution from the determinant of the (−1)FL odd
fields.
We begin with the contribution due to the extra bosons. There are sixteen gauge bosons,
– one from the ten dimensional gauge field Aµ and fifteen from the components Cmnµ of the
3-form field with m,n along T 6 and µ along AdS2 × S2. There are also thirty two scalars,
– six from the components Am of the ten dimensional gauge field along T
6, twenty from the
components Cmnp of the 3-form field along T
6 and six from dualizing the components Cmµν of
the 3-form field. These fields can be labelled as A(r)µ , φ1r and φ2r with 1 ≤ r ≤ 16, and, in the
Feynman gauge, the quadratic terms in the action in the near horizon background geometry
takes the form:∫
d4x
√
det g
[
1
2
16∑
r=1
A(r)µ (gµν− Rµν)A(r)ν +
1
2
16∑
r=1
(φ1r φ1r + φ2r φ2r)
+
8∑
r=1
(
2a−1φ2r ε
γβ∂γA(r)β − a−2 φ2r φ2r
)
+
16∑
r=9
(−2i a−1 φ1r εmn∂mA(r)n + a−2 φ1r φ1r) ] .
(8.1)
This has the same structure as the bosonic part of the matter multiplet fields analyzed in [46]
except that for 1 ≤ r ≤ 8 only the components of the gauge fields along S2 and the scalar
fields φ2r are affected by the background flux, while for 9 ≤ r ≤ 16 only the components of the
gauge fields along AdS2 and the scalar fields φ1r are affected by the flux.
18 Thus the analysis
18This is not an accident but follows from the following considerations. We could have gotten an N = 4
supergravity theory from the original N = 8 supergravity by projecting out all fields which are odd under I4
where I4 represents the transformation that changes the sign of the coordinates x6, · · ·x9. The eight vectors
Cmnµ, C45µ and Aµ with 6 ≤ m,n ≤ 9, 0 ≤ µ ≤ 3 and the sixteen scalars Cmn4, Cmn5, A4, A5 and the duals
of C4µν , C5µν survive the projection. Four of the gauge fields and the 16 scalars will form part of the bosonic
sector the four matter multiplets. For completing the matter multiplets we need eight more scalars which will
come from the components of the NSNS 2-form field and the metric along 6789 directions, but from the analysis
of [46] we know that these describe free scalars in AdS2 × S2 background. Thus the net contribution from
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proceeds as in [46] and we find, after including the contribution due to the ghosts, that the
net contribution to the heat kernel is given by
8
[
8KsAdS2(0; s)K
s
S2(0; s) +
1
2πa2
{
KsS2(0; s)−KsAdS2(0; s)
}]
. (8.2)
The small s expansion of this can be found by standard methods described earlier and we get
the s independent contribution to (8.2) to be
34
45π2a4
. (8.3)
Next we consider the contribution from the extra fermion fields. These fields can be labelled
by ψ′µ (0 ≤ µ ≤ 3), Λ′ and ϕ′r (4 ≤ r ≤ 9) where for each µ and r, ψ′µ and ϕ′r are 16 component
right handed Majorana-Weyl spinor of the ten dimensional Lorentz group, and Λ′ is a 16
component left-handed Majorana-Weyl spinor of the ten dimensional Lorentz group. Physically
ψ′µ and ϕ
′
r are the four dimensional and internal components of the ten dimensional gravitino
arising in the R-NS sector. In the presence of the background field, the quadratic action of
these fermionic fields can be obtained by the dimensional reduction of the ten dimensional
action of type IIA supergarvity. The result is:
−1
2
[
ψ¯′µΓ
µνρDνψ
′
ρ + Λ¯
′ΓµDµΛ
′ +
9∑
r=4
ϕ¯′rΓ
µDµϕ
′
r −
1
2
ψ¯′µΓ
µΓνDνΓ
ρψ′ρ
− 1
2
√
2
{(
−ψ¯′ρΓµνΓρ +
√
2Λ¯′Γµν
)
(ϕ′4F¯
1
µν + ϕ
′
5F¯
2
µν)
+(ϕ¯′4F¯
1
µν + ϕ¯
′
5F¯
2
µν)
(
−ΓρΓµνψ′ρ −
√
2ΓµνΛ′
)}]
, (8.4)
where the last term in the first line is the gauge fixing term. This also leads to ghosts which
have the same action as given in the last two terms in (4.13), except that the new ghost fields
b˜′, c˜′ and e˜′ have opposite ten dimensional chirality compared to the superghosts b˜, c˜ and e˜
the eight vector and sixteen RR scalar fields to the heat kernel will be given by that of four matter multiplets
of N = 4 supergravity minus eight free scalar fields. The four remaining gauge fields will describe the four
non-interacting vector fields of the gravity multiplet, and their contribution to the heat kernel will be given
by that of four vector fields in AdS2 × S2 as given in (5.4). For the RR fields which are odd under I4 we can
repeat the argument by using projection by the operator (−1)FL × I4, – this will pick the complementary set.
Thus in total the contribution to the heat kernel will be given by that of the bosonic sector of eight matter
multiplets of the N = 4 theory, plus that of eight free vector fields minus that of sixteen free scalar fields on
AdS2 × S2. This is precisely (8.2).
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respectively of N = 4 supergravity. Using (4.6) we can express (8.4) as
−1
2
[
ψ¯′µΓ
µνρDνψ
′
ρ −
1
2
ψ¯′µΓ
µΓνDνΓ
ρψ′ρ + Λ¯
′ΓµDµΛ
′ +
9∑
r=4
ϕ¯′rΓ
µDµϕ
′
r
+
1
2a
{(
ψ¯′mΓ
m − ψ¯′αΓα +
√
2Λ¯′
)
τ3ϕ
′
4 + i
(
−ψ¯′mΓm + ψ¯′αΓα +
√
2Λ¯′
)
σ3ϕ
′
5
+ϕ¯′4τ3
(
Γmψ′m − Γαψ′α −
√
2Λ′
)
+ iϕ¯′5σ3
(
−Γmψ′m + Γαψ′α −
√
2Λ′
)}]
.
(8.5)
As in (6.1) we shall express this as
− 1
2
[
9∑
r=6
ϕ¯′rΓ
µDµϕ
′
r +
(
Λ¯′K(1) + ψ¯′αK(2)α + ψ¯′mK(3)m + ϕ¯′4K(4) + ϕ¯′5K(5)
)]
, (8.6)
where
K(1) = ( 6DS2 + σ3 6DAdS2)Λ′ +
1√
2 a
(τ3ϕ
′
4 + iσ3ϕ
′
5) ,
K(2)α = −
1
2
Γn( 6DS2 + σ3 6DAdS2)Γαψ′n −
1
2
Γβ ( 6DS2 + σ3 6DAdS2) Γαψ′β −
1
2a
Γα(τ3ϕ
′
4 − iσ3ϕ′5)
K(3)m = −
1
2
Γβ( 6DS2 + σ3 6DAdS2)Γmψ′β −
1
2
Γn ( 6DS2 + σ3 6DAdS2) Γmψ′n +
1
2a
Γm(τ3ϕ
′
4 − iσ3ϕ′5)
K(4) = ( 6DS2 + σ3 6DAdS2)ϕ′4 +
1
2a
τ3
(
Γmψ′m − Γαψ′α −
√
2Λ′
)
K(5) = ( 6DS2 + σ3 6DAdS2)ϕ′5 +
i
2a
σ3
(
−Γmψ′m + Γαψ′α −
√
2Λ′
)
. (8.7)
The fields ϕ′6, · · ·ϕ′9 represent free fermions in AdS2 × S2 background, and the net contri-
bution from these fields to the heat kernel is given by [46]
− 4
π2a4
∫ ∞
0
dλλ coth(πλ)e−s¯λ
2
∞∑
l=0
(2l + 2)e−s¯(l+1)
2
= − 2
π2a4s¯2
(
1− 11
180
s¯2 +O(s¯3)
)
. (8.8)
The overall normalization is fixed by noting that each of the ϕ′r’s represent four Majorana
fermions in four dimensions. Thus altogether we have 16 Majorana or equivalently eight
Dirac fermions. The overall minus sign is a reflection of the fact that the path integral over the
fermions gives the determinant of the kinetic operator instead of the inverse of the determinant.
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For computing the contribution from the other fields we expand them as in (6.6)
Λ′ = a1χ + a2σ3χ
ψ′α = b1Γαχ+ b2σ3Γαχ+ b3Dαχ+ b4σ3Dαχ
ψ′m = c1Γmχ+ c2σ3Γmχ+ c3σ3Dmχ+ c4Dmχ
ϕ′4 = τ3(h1χ+ h2σ3χ) (8.9)
ϕ′5 = (g1χ+ g2σ3χ) (8.10)
where ai, bi, ci, hi and gi are grassman parameters and χ is the product of an arbitrary spinor
of the SO(6) Clifford algebra generated by Γ˜4, · · · Γ̂9, χ+lm (or η+lm) defined in (2.16) and χ±k (λ)
(or η±k (λ)) defined in (2.20). χ satisfies
6DS2χ = iζ1 χ, 6DAdS2χ = iζ2 χ, ζ1 > 0 . (8.11)
As in (6.7), we expand K(1), · · ·K(5) as
K(1) = A1χ + A2σ3χ
K(2)α = B1Γαχ+B2σ3Γαχ+B3Dαχ +B4σ3Dαχ
K(3)m = C1Γmχ+ C2σ3Γmχ+ C3σ3Dmχ+ C4Dmχ
K(4) = τ3(H1χ+H2σ3χ)
K(5) = (G1χ+ G2σ3χ) (8.12)
Explicit computation yields
A1 = iζ1a1 + iζ2a2 +
1√
2a
h1 +
i√
2a
g2
A2 = iζ2a1 − iζ1a2 + 1√
2a
h2 +
i√
2a
g1
B1 = −iζ1b1 + 1
2
ζ21b3 +
1
2
ζ1ζ2b4 + iζ1c1 − 1
2
ζ1ζ2c3 +
1
2
(
ζ22 +
1
a2
)
c4 − 1
2a
h1 +
i
2a
g2
B2 = iζ1b2 +
1
2
ζ1ζ2b3 − 1
2
ζ21b4 + iζ1c2 −
1
2
(
ζ22 +
1
a2
)
c3 − 1
2
ζ1ζ2c4 +
1
2a
h2 − i
2a
g1
B3 = iζ2b4 − 2c1 − iζ2c3
B4 = iζ2b3 − 2c2 − iζ2c4
C1 = −iζ2b2 + 1
2
(
ζ21 −
1
a2
)
b3 +
1
2
ζ1ζ2b4 − iζ2c2 − 1
2
ζ1ζ2c3 +
1
2
ζ22c4 +
1
2a
h1 − i
2a
g2
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C2 = iζ2b1 − 1
2
ζ1ζ2b3 +
1
2
(
ζ21 −
1
a2
)
b4 − iζ2c1 + 1
2
ζ22c3 +
1
2
ζ1ζ2c4 +
1
2a
h2 − i
2a
g1
C3 = 2b2 + iζ1b4 − iζ1c3
C4 = −2b1 − iζ1b3 + iζ1c4
H1 = iζ1h1 − iζ2h2 − 1√
2a
a1 − 1
a
b1 − i
2a
ζ1b3 +
1
a
c1 +
i
2a
ζ2c3
H2 = −iζ2h1 − iζ1h2 − 1√
2a
a2 +
1
a
b2 +
i
2a
ζ1b4 +
1
a
c2 +
i
2a
ζ2c4
G1 = iζ1g1 + iζ2g2 − i√
2a
a2 − i
a
b2 +
1
2a
ζ1b4 − i
a
c2 +
1
2a
ζ2c4
G2 = iζ2g1 − iζ1g2 − i√
2a
a1 +
i
a
b1 − 1
2a
ζ1b3 − i
a
c1 +
1
2a
ζ2c3 . (8.13)
We can express this as 
~A
~B
~C
~H
~G
 =M

~a
~b
~c
~h
~g
 , (8.14)
M being a 14× 14 matrix. Let us also introduce a matrix M1 through
M2 = −(ζ21 + ζ22)I14 + a−2M1 , (8.15)
where I14 denotes the 14 × 14 identity matrix, and denote by βk for 1 ≤ k ≤ 14 the 14
eigenvalues of the matrix M1. Then following the logic leading to (6.14) one can show that
the contribution to the heat kernel from the fermionic modes for |ζ1| > 1, ı.e. l > 0, will be
given by
Kf(1)(0; s) = −
1
2π2a4
∞∑
l=1
(2l + 2)
∫ ∞
0
dλλ coth(πλ)e−s¯(l+1)
2−s¯λ2
14∑
k=1
es¯βk , (8.16)
where l and λ are related to ζ1 and ζ2 via
|ζ1| = (l + 1)/a, ζ2 = λ/a . (8.17)
The overall normalization is fixed by noting that ψ′µ, ϕ
′
r for r = 4, 5 and Λ
′ altogether has
degrees of freedom equal to that of (4 + 2 + 1)× 4 = 28 Majorana fermions or equivalently 14
Dirac fermions.
The contribution from the |ζ1| = 1/a, ı.e. l = 0 term has to be evaluated separately following
the same logic that lead to (6.16). We choose the coefficients b3 and b4 to be zero and replace
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in (8.13) the expressions for Bk by that of Bk +
i
2a
Bk+2 for k = 1, 2. This leads to a 12×12
matrix M˜. We now define a matrix M˜1 through
M˜2 = −(a−2 + ζ22)I12 + a−2M˜1 , (8.18)
where I12 denotes the 12 × 12 identity matrix. If β˜k’s are the eigenvalues of M˜1 then the
contribution from the l = 0 modes to the heat kernel may be expressed as
Kf(2)(0; s) = −
1
π2a4
∫ ∞
0
dλλ coth(πλ)e−s¯−s¯λ
2
12∑
k=1
es¯β˜k . (8.19)
We can combine (8.16) and (8.19) to write
Kf(1)(0; s) +K
f
(2)(0; s) = K˜
f
(1)(0; s) + K˜
f
(2)(0; s) , (8.20)
where
K˜f(1)(0; s) = −
1
2π2a4
∞∑
l=0
(2l + 2)
∫ ∞
0
dλλ coth(πλ)e−s¯(l+1)
2−s¯λ2
14∑
k=1
es¯βk
= − 1
π2a4
Im
∫ eiκ×∞
0
dλ˜ λ˜ cot(πλ˜)
∫ ∞
0
dλλ coth(πλ)e−s¯λ˜
2−s¯λ2
14∑
k=1
es¯βk|l+1→λ˜
(8.21)
K˜f(2)(0; s) = −
1
π2a4
∫ ∞
0
dλλ coth(πλ)e−s¯−s¯λ
2
[
12∑
k=1
es¯β˜k −
14∑
k=1
es¯βk|l=0
]
. (8.22)
We also need to compute the contribution due to the discrete modes described in (2.28).
For this we set the fields Λ′, ψ′α, ϕ
′
4 and ϕ
′
5 to 0, and expand ψ
′
m as in (8.9) with ck+2 = 2cka
for k = 1, 2, with ζ2 = i/a, |ζ1| ≥ 1/a, ı.e. l ≥ 0. It can be seen that with this choice Ai, Bi,
Hi, Gi computed from (8.13) vanish and we have Ck+2 = 2Cka for 1 ≤ k ≤ 2. Thus we can
express these relations as (
C1
C2
)
= M̂
(
c1
c2
)
, (8.23)
for some 2 × 2 matrix M̂. If β̂k denote the eigenvalues of a2{M̂2 + (ζ21 − a−2)I2} then the
contribution to K(0; s) from these modes is given by
Kf(3)(0; s) = −
1
2π2a4
∞∑
l=0
(2l + 2)es¯−s¯(l+1)
2
2∑
k=1
es¯β̂k
= − 1
π2a4
Im
∫ eiκ×∞
0
dλ˜ λ˜ cot(πλ˜) es¯−s¯λ˜
2
2∑
k=1
es¯β̂k|l+1→λ˜
, (8.24)
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Explicit computation using (8.13) gives β̂1 = β̂2 = −1. Hence we have
Kf(3)(0; s) = −
2
π2a4
Im
∫ eiκ×∞
0
dλ˜ λ˜ cot(πλ˜) e−s¯λ˜
2
. (8.25)
Finally the three sets of bosonic ghosts b˜′, c˜′ and e˜′ associated with gauge fixing of lo-
cal supersymmetry, each of which gives rise to four Majorana fermions in four dimensions,
contributes
Kfghost =
3
π2a4
∞∑
l=0
(2l + 2)
∫ ∞
0
dλλ coth(πλ)e−s¯(l+1)
2−s¯λ2
=
6
π2a4
Im
∫ eiκ×∞
0
dλ˜ λ˜ cot(πλ˜)
∫ ∞
0
dλλ coth(πλ)e−s¯λ˜
2−s¯λ2 , (8.26)
to K(0; s).
To evaluate the right hand sides of (8.21) and (8.22) we use the relations
∑
k
es¯βk =
∞∑
n=0
1
n!
s¯n
∑
k
βnk =
∞∑
n=0
1
n!
s¯nTr(Mn1) , (8.27)
∑
k
es¯β˜k =
∞∑
n=0
1
n!
s¯n
∑
k
β˜nk =
∞∑
n=0
1
n!
s¯nTr(M˜n1) . (8.28)
Explicit computation gives
Tr(M1) = 0
Tr(M21) = −8 + 16(l + 1)2 − 16λ2
Tr(M31) = −6(l + 1)2 − 6λ2
Tr(M41) = 8− 16(l + 1)2 + 40(l + 1)4 + 16λ2 − 48(l + 1)2λ2 + 40λ4 . (8.29)
Tr(M˜1) = −2
Tr(M˜21) = 6− 16λ2
Tr(M˜31) = −8− 6λ2
Tr(M˜41) = 30− 32λ2 + 40λ4 . (8.30)
Following the procedure of §6 we can now carry out the small s expansion of the heat
kernels. We get the following contribution to the order s0 term in the small s expansion of
56
various terms:
K˜f(1)(0; s) : −
43
360π2a4
K˜f(2)(0; s) :
1
6π2a4
Kf(3)(0; s) :
1
6π2a4
Kfghost(0; s) : −
11
120π2a4
. (8.31)
Adding up all the contributions in eq.(8.31) and the contribution from (8.8) we get the net
contribution to K(0; s) from the extra fermionic fields of N = 8 supergravity:
Kf (0; s) =
11
45π2a4
. (8.32)
Adding (8.32) to the bosonic contribution (8.3) we get the net contribution to the order s0
terms in the heat kernel from all the extra fields appearing in N = 8 supergravity:
1
π2a4
. (8.33)
It is also easy to see that the only zero modes among these extra fields arise from the
gauge fields. In particular there are no fermion zero modes since both the β̂k’s in (8.24) take
the value −1 for l = 0. Now we have already seen that for the gauge fields the integration
over the zero modes gives us back the same result that we remove from the heat kernel. Thus
removing the zero mode contribution of the sixteen gauge fields from the heat kernel and then
including the contribution due to the zero mode integrals does not give any net contribution,
and (8.33) represents the net extra contribution to the heat kernel from the extra fields of
N = 8 supergravity. Since for the N = 4 supergravity the net s independent contribution to
the effective heat kernel vanished, (8.33) represents the net contribution in N = 8 supergravity.
According to (3.26) this gives a logarithmic correction to the black hole entropy of the form:
− 4 ln a2 = −2 ln∆ . (8.34)
This is in perfect agreement with the microscopic answer (1.2).
For identifying separately the contributions from the zero modes and the non-zero modes
we note that the N = 8 supergravity has 28 gauge fields whose zero mode contribution to
the entropy is −28 ln a = −7 ln∆. This represents the net zero mode contribution since
the contribution from the graviton and the gravitino zero modes cancel. The rest of the
contribution 5 ln∆ comes from non-zero modes.
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9 Half BPS black holes in STU model
Our analysis also gives the result for logarithmic corrections to the entropy of half BPS black
holes in the STU model [57,58] which has been studied recently in [59,72,73] in the context of
black hole entropy. The STU model is constructed by beginning with type IIA string theory
on T 4×T 2 and taking an orbifold of this theory with a ZZ2× ZZ2 group. The first ZZ2 acts as
(−1)FL times half a unit of shift along one of the circles of T 2 and the second ZZ2 acts as I4 times
a shift along the second circle of T 2 where I4 denotes changing the sign of all the coordinates
of T 4. If we label the two circles of T 2 by x4 and x5 then the black hole solution described
at the beginning of §4 survives the orbifold projection and hence continues to describe a black
hole solution in this theory. The first ZZ2 projection removes from the spectrum all the masless
RR and R-NS sector states and hence the low energy theory is an N = 4 supergravity theory,
– with a structure identical to that of heterotic string theory on T 6 except that the sixteen
matter multiplet fields associated with the dimensional reduction of ten dimensional E8 × E8
gauge fields are absent. The action of the second ZZ2 orbifold projection breaks the N = 4
supersymmetry to N = 2. Under this a matter multiplet of N = 4 supergravity decomposes
into a vector multiplet and a hypermultiplet, and we need to examine which components of the
fields survive the projection. Similarly the gravity multiplet fields of the N = 4 supergravity
decompose into different supermultiplets of N = 2 supergravity, and only some of these survive
the orbifold projection.
For later use it is useful to note that in the fermionic sector the orbifold operation projects
onto modes which are even under the action of Γ6789 accompanied by (x6, · · ·x9)→ (−x6, · · ·−
x9). Using the ten dimensional chirality of Λ and the ten dimensional gravitino field ψM
(0 ≤M ≤ 9), this condition translates to
σ3τ3Γ̂
4Γ̂5ψµ = iψµ , σ3τ3Γ̂
4Γ̂5ψ4,5 = iψ4,5 , σ3τ3Γ̂
4Γ̂5ψ6,7,8,9 = −iψ6,7,8,9, σ3τ3Γ̂4Γ̂5Λ = −iΛ ,
(9.1)
together with similar projection on the ghost fields.
Let GMN and BMN be the ten dimensional metric and NSNS 2-form fields. We begin with
the two matter multiplet fields of N = 4 supergravity whose vector fields come from G4µ−B4µ
and G5µ − B5µ. Their scalar partners are G44, G45, G55, B45, G4m − B4m and G5m − B5m for
6 ≤ m ≤ 9. Under the orbifold projection the two vector fields as well as the scalars G44, G45,
G55, B45 survive, but the rest of the scalars are projected out. The surviving fields belong to
two vector multiplets of N = 2 supersymmetry. The contribution to the heat kernel from these
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scalar and vector fields and the ghosts associated with the vector fields can be read out from
the results of [46]. The vector couples to the two scalars due to the presence of the background
flux and the net contribution to the heat kernel from the bosonic fields (including the ghosts)
is given by 4Ks(0; s). There are zero modes of the gauge fields whose contribution needs to be
removed from this and then added separately, but as we have seen before, this does not change
the result.
The fermionic components of these two matter multiplets come from the components ψ4
and ψ5 of the ten dimensional gravitino. As was shown in [46], acting on these fermions, the
kinetic operator takes the form:
6DS2 + σ3 6DAdS2 −
i
2
a−1 Γ̂5 τ3 − 1
2
a−1 σ3 Γ̂
4 . (9.2)
It follows from (9.1) that acting on the fields ψ4,5 the last two terms in (9.2) cancel and the
kinetic operator reduces to 6DS2 + σ3 6DAdS2 , ı.e. that of a free fermion in AdS2 × S2. The heat
kernel of this is given by 1/8 of the contribution shown in (8.8). Adding this to the bosonic
contribution 4Ks(0; s) given in (3.20) we get the net contribution to the heat kernel from each
of the vector multiplets to be:
Kvector(0; s) =
1
180π2a4
+
11
720π2a4
+ · · · = 1
48π2a4
+ · · · . (9.3)
This corresponds to a correction of − 1
24
ln∆ per vector multiplet, ı.e. a total of − 1
12
ln∆ to
the black hole entropy from the two vector multiplets coming from the two matter multiplets
of N = 4 supergravity.
Next we turn to the four matter multiplet fields of N = 4 supergravity whose vector fields
come from Gmµ − Bmµ where m is along T 4 and µ is along the non-compact direction. Their
scalar components are Gmn, Bmn, Gm4 − Bm4 and Gm5 − Bm5. Under the orbifold projection
the scalars Gmn, Bmn survive but the vector fields as well as the scalars Gm4 − Bm4 and
Gm5−Bm5 are projected out. This corresponds to removing the vector multiplets and keeping
the hypermltiplet fields. Since the net contribution to K(0; s) from a hypermultiplet and
a vector multiplet vanishes, we could directly conclude that the hypermultiplet contribution
to K(0; s) will be negative of the contribution (9.3) from the vector multiplet. However it is
instructive to carry out the computation directly. For each hypermultiplet we have four scalars
without any coupling to the background gauge fields, and their contribution to the heat kernel
is given by 4Ks(0; s). In the fermionic sector we have the fields ψ6, · · ·ψ9 subject to the orbifold
projection (9.1). This makes the contribution from the last two terms in (9.2) identical, and we
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can express the operator as 6DS2 + σ3 6DAdS2 − i a−1 Γ̂5 τ3. We need to compute its determinant
on the subspace of states subject to the projection (9.1). Now note that since σ3τ3Γ̂
4 anti-
commutes with the projection operator it takes a state satisfying the orbifold projection to
a state satisfying the opposite projection and vice versa. Since it also anti-commutes with
the kinetic operator 6DS2 + σ3 6DAdS2 − i a−1 Γ̂5 τ3, the action of σ3τ3Γ̂4 changes the eigenvalue
of the kinetic operator. Thus we see that the matrix representing the kinetic operator in the
subspace satisfying opposite projection is just the negative of the kinetic operator acting on the
subspace satisfying the correct projection. Thus we could evaluate the determinant ignoring
the projection condition and then take the square root of the modulus of the determinant. We
now note that in the unprojected space the operator 6DS2 − i a−1 Γ̂5 τ3 anti-commutes with the
operator σ3 6DAdS2 . Thus the squares of the eigenvalues of 6DS2 + σ3 6DAdS2 − i a−1 Γ̂5 τ3 will be
given by the sum of the squares of the eigenvalues of 6DS2−i a−1 Γ̂5 τ3 and 6DAdS2 . Of these 6DAdS2
has eigenvalues ±ia−1λ. On the other hand since 6DS2 has eigenvalues ±ia−1(l + 1) and Γ̂5 τ3
has eigenvalues ±1, and they act on independent spaces, the eigenvalues of 6DS2 − i a−1 Γ̂5 τ3
are given by ±ia−1(l + 1 ± 1) with l = 0, 1, · · ·∞. This gives the net contribution to K(0; s)
from the fermionic components of the hypermultiplet to be
− 1
2π2a4
Im
∫ eiκ×∞
0
dλ˜ λ˜ coth πλ˜
∫ ∞
0
dλ λ coth πλ e−sλ
2−sλ˜2
[
e−s−2sλ˜ + e−s+2sλ˜
]
. (9.4)
We can evaluate this by expanding the term in the square bracket in a power series in s, or by
shifting the sum over l as in [46]. Both ways give the same result and adding this to the scalar
contribution 4Ks(0; s) we get the contribution to the heat kernel from each hypermultiplet
fields to be
Khyper(0; s) = − 1
48π2a4
+ · · · . (9.5)
This corresponds to a correction of 1
24
ln∆ per hypermultiplet, ı.e. a total of 1
6
ln∆ to the
black hole entropy from the four hypermultiplets coming from the matter multiplets of N = 4
supergravity.
Finally we have to compute the contribution from the fields which survive from the gravity
multiplet of N = 4 supergravity. In the bosonic sector the four gauge fields Gmµ +Bmµ for m
along T 4 are projected out but all other fields survive. Thus we need to remove the contribution
given by (5.4) together with a contribution of −8KsAdS2×S2(0; s) representing the contribution
of the eight ghost fields associated with these four gauge fields. The small s expansion of this
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is given by [46]:
1
π2a4s¯2
(
1 +
16
45
s¯2 − 1
2
− 1
90
s¯2 + · · ·
)
=
1
π2a4s¯2
(
1
2
+
31
90
s¯2 + · · ·
)
, (9.6)
where the −1/2 − s¯2/90 is the contribution due to the ghosts. Of these 4/8π2a4 can be
identified as the contribution due to the gauge field zero modes. Thus the net non-zero mode
contribution from these four gauge fields is 31/90π2a4 − 1/2π2a4 = −7/45π2a4, – this needs
to be removed from the non-zero mode contribution (5.45) from the gravity multiplet of full
N = 4 supergravity. Thus the net s-independent contribution to the heat kernel from the
bosonic non-zero modes of N = 4 gravity multiplet which survive the orbifold projection is
given by:
− 101
180π2a4
+
7
45π2a4
= − 73
180π2a4
. (9.7)
The fermionic components of the N = 4 gravity multiplet are given by ψµ and Λ, but we
need to work in the subspace of these fermions which satisfy the conditions (9.1). This requires
us to impose the following restriction on the various coefficients appearing in §6:
a4 = i a1, a3 = −i a2, a′4 = i a′1, a′3 = −i a′2,
b4 = −i b1, b3 = i b2, b8 = −i b5, b7 = i b6
b′4 = −i b′1, b′3 = i b′2, b′8 = −i b′5, b′7 = i b′6
c4 = −i c1, c3 = i c2, c8 = −i c5, c7 = i c6
c′4 = −i c′1, c′3 = i c′2, c′8 = −i c′5, c′7 = i c′6 . (9.8)
Furthermore after the action of the kinetic operator on the fields the result will be a fermion of
opposite chirality and hence the coefficients Ai, A
′
i, Bi, B
′
i, Ci, C
′
i are no longer all independent.
This allows us to remove half of these coefficients and keep Ai, A
′
i for i = 1, 2 and Bi, B
′
i, Ci, C
′
i
for i = 1, 2, 5, 6 as the independent constants labelling the state obtained by the action the
kinetic operator on the fields. This essentially halves the dimensions of all the matrices M1,
M˜1 and M̂1 appearing in §6. The rest of the analysis proceeds exactly as in §6, and we find
the following results for the traces of the various matrices:
Tr(M1) = 16
Tr(M21) = 64− 32(l + 1)2 − 32λ2
Tr(M31) = 256− 192(l + 1)2 − 192λ2
Tr(M41) = 1024− 1024(l + 1)2 + 128(l + 1)4 − 1024λ2 + 256(l + 1)2λ2 + 128λ4 .
(9.9)
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Tr(M˜1) = 8
Tr(M˜21) = 16− 16λ2
Tr(M˜31) = 32− 96λ2
Tr(M˜41) = 64− 384λ2 + 64λ4 . (9.10)
Tr(M̂1) = 0
Tr(M̂21) = 0
Tr(M̂31) = 0
Tr(M̂41) = 0 . (9.11)
This in turn gives the following order s¯0 terms in the small s¯ expansion of various parts of the
fermionic heat kernel:
K˜f(1)(0; s) :
11
144π2a4
K˜f(2)(0; s) : −
5
12π2a4
Kf(3)(0; s) : −
5
12π2a4
Kfghost(0; s) : −
11
240π2a4
. (9.12)
Adding up all the contributions and subtracting the zero mode contribution −1/2π2a4 we get
the net contribution to K(0; s) from the non-zero modes of the surviving fermionic fields in
the N = 4 gravity multiplet after the orbifold projection:
Kf(0; s) = − 109
360π2a4
+ · · · . (9.13)
Adding this to (9.7) we get a net contribution of −17/24π2a4 from the non-zero modes. On
the other hand the zero modes of two gauge fields, the metric and the gravitino gives a net
contribution of
2
8π2a4
+
12
8π2a4
− 3
2π2a4
=
1
4π2a4
, (9.14)
to the effective heat kernel. Adding this to the sum of (9.7) and (9.13) we get
− 11
24π2a4
, (9.15)
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leading to a correction of 11
12
ln∆ to the entropy. Adding this to the contribution of 1
6
ln∆
from the four hypermultiplets and − 1
12
ln∆ from the two vector multiplets we arrive at a net
correction of
ln∆ , (9.16)
to the entropy of a half BPS black hole in the STU model.
We can identify separately the zero mode and the non-zero mode contributions by noting
that the four gauge field zero modes give a contribution of − ln∆ and the contributions from
the metric and the gravitino zero modes cancel. The rest of the contribution 2 ln∆ comes from
the non-zero modes.
Finally we note that the analysis of this section can be extended to any N = 2 supergravity
theory whose low energy effective action can be obtained by a consistent truncation of the
N = 4 supergravity action in which two of the six vector fields of the gravity multiplet survive.
In that case we can consider a black hole solution whose electric and magnetic charges are
carried by these vector fields and the analysis of logarithmic corrections proceed in an identical
manner. The FHSV model of [74] is another example of such a model.
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